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Abst rac t  
The t r ansmiss ion  of r a d i o  waves from t h e  e a r t h  t o  a r e c e i v e r  i n  a 
s p a c e c r a f t  t h a t  i s  moving behind a p l a n e t  makes i t  p o s s i b l e  t o  observe  
t h e  v a r i a t i o n s  i n  t h e  ampli tude,  phase p a t h ,  or group p a t h  caused by t h e  
p l a n e t a r y  ionosphere .  It i s  shown t h a t  measurement of any one of t h e s e  
q u a n t i t i e s  may be used t o  determine t h e  r a d i a l  e l e c t r o n  d e n s i t y  d i s t r i -  
b u t i o n  i n  t h a t  p a r t  of t h e  p l a n e t a r y  ionosphere which is probed by t h e  
s i g n a l .  Measurement of two of these q u a n t i t i e s  s imul taneous ly  w i l l  
r educe  u n c e r t a i n t i e s  due t o  changes i n  t h e  i n t e r p l a n e t a r y  medium or 
t h e  e a r t h ' s  ionosphere dur ing  t h e  exper iment .  Sepa ra t e  r a d i a l  e l e c t r o n  
d e n s i t y  d i s t r i b u t i o n s  can be obta ined  from t h e  measurements du r ing  
immersion and emersion and t h e s e  a r e  r e l a t e d  t o  t h e  s p a t i a l  p r o p e r t i e s  
of t h e  atmosphere on t h e  p l a n e t .  It i s  shown t h a t  t h e  lower atmosphere 
a s  w e l l  a s  t h e  ionosphere of a p lane t  can be s t u d i e d  by us ing  so  h igh  
a f requency  t h a t  t h e  s i g n a l  i s  not i n f luenced  by t h e  ion ized  component 
of t h e  atmosphere . 
It i s  a l s o  shown t h a t  t h e  s t a t i s t i c a l  p r o p e r t i e s  of a s i g n a l  
r e f l e c t e d  from a p l a n e t a r y  s u r f a c e  can be r e l a t e d  t o  t h e  s u r f a c e  s t a t i s -  
t i c s  when t h e  s u r f a c e  roughness s c a l e  is l a r g e r  t h a n  t h e  wavelength.  A 
re la t  ion  i s  found between t h e  su r f  ace-aut o c o r r e l a t  i o n  f unct i o n  and t h e  
t i m e - a u t o c o r r e l a t i o n  f u n c t i o n  of t h e  r e f l e c t e d  s i g n a l ,  a g e n e r a l i z a t i o n  
of r e s u l t s  ob ta ined  p rev ious ly  f o r  monos ta t ic  r a d a r .  When a c i r c u l a r l y  
p o l a r i z e d  wave i s  t r a n s m i t t e d ,  i t  is shown t h a t  t h e  mean va lue  of t h e  
d i e l e c t r i c  cons t an t  and t h e  conduc t iv i ty  f o r  t h e  p l a n e t a r y  s u r f a c e  may 
be found from t h e  shape and o r i e n t a t i o n  of t h e  p o l a r i z a t i o n  e l l i p s e  f o r ,  
t h e  r e f l e c t e d  s i g n a l .  
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I. INTRODUCTION 
Ground-based r a d a r  equipment i s  being used 
t h e  c l o s e s t  p l a n e t s .  However, t h e r e  a r e  s e v e r e  
t o  s t u d y  t h e  moon and 
l i m i t a t i o n s  a s s o c i a t e d  
w i t h  having both t h e  t r a n s m i t t e r  and t h e  r e c e i v e r  on t h e  e a r t h .  These 
l i m i t a t i o n s  can now be overcome, however, s i n c e  i t  has  become p o s s i b l e  
i n  r ecen t  years  t o  send equipment t o  t h e  moon and t h e  c l o s e s t  p l a n e t s .  
In t h e  fo l lowing  c h a p t e r s  techniques  a r e  s t u d i e d  f o r  e x p l o r i n g  t h e  
moon and t h e  p l a n e t s  u s ing  b i s t a t i c  r a d a r .  B i s t a t i c  r a d a r  d i f f e r s  from 
monos ta t ic  r a d a r  i n  t h a t  t h e  t r a n s m i t t e r  and t h e  r e c e i v e r  a r e  s i t u a t e d  
a t  d i f f e r e n t  l o c a t i o n s .  
One can t r ansmi t  r a d i o  waves from t h e  e a r t h  and r e c e i v e  them i n  a 
s p a c e c r a f t  moving behind a p l a n e t .  If t h e  p l ane t  i s  surrounded by an 
ionosphere ,  t h e  s i g n a l  w i l l  be inf luenced  du r ing  t h e  o c c u l t a t i o n .  The 
changes i n  t h e  s i g n a l  due t o  t h e  p l a n e t a r y  ionosphere can be used t o  
de te rmine  t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  and p o s s i b l y  some o t h e r  
i n t e r e s t i n g  p r o p e r t i e s  of t h e  p l a n e t a r y  ionosphere ,  The s o l u t i o n  of 
t h i s  problem is  p resen ted  i n  two s t e p s .  F i r s t ,  t h e  changes i n  t h e  
s i g n a l  a r e  found i n  terms of t h e  e l e c t r o n  d e n s i t y  p r o f i l e  of t h e  p lane-  
t a r y  ionosphere (Chapter  11). 
ver sed  and it is  shown how t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  can be 
de te rmined .  
L a t e r  ( i n  Chapter  V)  t h e  problem is  re- 
More s p e c i f i c a l l y ,  Chapter I1 i s  used t o  develop high-frequency 
approximat ions  ( t r a n s m i t t e r  frequency much h ighe r  t h a n  t h e  maximum 
plasma frequency i n  t h e  p l a n e t a r y  ionosphere)  f o r  ampl i tude ,  phase,  
e t c . ,  f o r  t h e  waves r ece ived  behind a p l a n e t a r y  ionosphere  wi th  known 
e l e c t r o n  d e n s i t y  d i s t r i b u t i o n .  Why t h e  high-frequency c a s e  is of such 
importance w i l l  become c l e a r  a t  t h e  end of t h e  s t u d y .  
The r e s u l t s  d e r i v e d  i n  Chapter I1 a r e  a p p l i e d  t o  t h e  exponen t i a l  
and t h e  Chapman ionosphe r i c  model i n  Chapters  111 and I V ,  r e s p e c t i v e l y .  
The r e s u l t s  a r e  r ep resen ted  g r a p h i c a l l y  i n  a normalized form so t h a t  
t h e y  can be e a s i l y  used when t h e  exponen t i a l  or t h e  Chapman model 
a p p l i e s .  It i s  a l s o  shown t h a t  more complex ionospheres  can be s t u d i e d  
by cons ide r ing  t h e m  a s  being cons t ruc t ed  from a combination of t h e s e  
b a s i c  models. 
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Chapter V i s  mainly devoted t o  t h e  development o f  p rocesses  t h a t  
can  be used t o  determine t h e  r a d i a l  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i n  
t h a t  p a r t  of t h e  p l a n e t a r y  ionosphere  which i s  probed by t h e  s i g n a l .  I t  
i s  shown t h a t  measurement of e i t h e r  t h e  ampli tude,  t h e  phase  pa th ,  o r  
t h e  group pa th  dur ing  t h e  o c c u l t a t i o n  can be used t o  de te rmine  t h e  
e l e c t r o n  d e n s i t y  p r o f i l e .  
Radio waves r e f l e c t e d  from t h e  p l a n e t a r y  s u r f a c e  w i l l  a l s o  be 
r ece ived  i n  t h e  s p a c e c r a f t  wh i l e  i t  is  i n  t h e  v i c i n i t y  of t h e  p l a n e t .  
I t  i s , o f  course ,  necessary  t o  be a b l e  t o  d i s t i n g u i s h  between t h e  d i r e c t  
and t h e  r e f l e c t e d  s i g n a l .  Chapter  V I  shows t h a t  t h i s  i s  p o s s i b l e ,  and 
it  a l s o  shows t h a t  t h e  r e f l e c t e d  s i g n a l  may be used t o  de te rmine  s t a -  
t i s t i c a l  p r o p e r t i e s  o f  t h e  p l a n e t a r y  s u r f a c e ,  such a s  roughness- 
a u t o c o r r e l a t i o n  f u n c t i o n ,  mean d i e l e c t r i c  c o n s t a n t ,  e tc .  
SEL-64- 0?5 - 2 -  
I I .  PROPAGATION OF HIGH-FREQUENCY RADIO WAVES I N  PLANETARY 
IONOSPHERES WITH KNOWN ELECTRON DENS ITY DISTRIBUTION 
This  chap te r  i s  devoted mainly t o  t h e  s tudy  of ampli tude,  and of 
t h e  phase and group pa ths  f o r  waves r e f r a c t e d  i n  a p l a n e t a r y  ionosphere 
w i t h  a known e l e c t r o n  d e n s i t y  p r o f i l e .  
L a t e r  ( i n  Chapter  V )  t h e  problem i s  reve r sed  i n  o r d e r  t o  de te rmine  
what can be l ea rned  about t h e  ionosphere when t h e  p r o p e r t i e s  of t h e  
t r a n s m i t t e d  and t h e  r ece ived  waves a r e  known. Th i s  i s  analogous t o  t h e  
c i r c u i t  eng inee r ing  problem of f ind ing  t h e  two-port network equ iva len t  
when input  and output  a r e  g iven .  
W e  w i l l  assume t h a t  a c i r c u l a r l y  p o l a r i z e d  wave i s  t r a n s m i t t e d  from 
t h e  e a r t h  and t h a t  t h e  t r ansmi t t ed  f r equenc ie s  l i e  w e l l  above t h e  maxi- 
mum plasma c r i t i c a l  f requency ,  both f o r  t h e  e a r t h ' s  ionosphere and f o r  
t h e  p l a n e t a r y  ionosphere t o  be explored .  Under t h e s e  c o n d i t i o n s  t h e  
magnetoionic t h e o r y  shows t h a t  t h e  e f f e c t  of magnetic f i e l d s  on ampli- 
t u d e  and phase can be neg lec t ed .  
The r e s u l t s  de r ived  f o r  phase pa th  and ampli tude a r e  a l s o  v a l i d  
when a l i n e a r l y  p o l a r i z e d  wave i s  t r a n s m i t t e d  from t h e  e a r t h .  In  t h e  
l a t t e r  c a s e  one can a l s o  observe  Faraday r o t a t i o n .  Assuming t h a t  t h e  
Faraday r o t a t i o n  due t o  v a r i a t i o n s  i n  t h e  e a r t h ' s  ionosphere can be 
neg lec t ed  or s u b t r a c t e d  o u t ,  t r a n s m i t t i n g  l i n e a r l y  p o l a r i z e d  waves 
y i e l d s  a means of exp lo r ing  t h e  p l ane ta ry  magnetic f i e l d  ( i f  t h e r e  i s  
any) .  This  problem is  d i scussed  l a t e r .  
The geometry is  i l l u s t r a t e d  i n  F i g .  1. That p a r t  of t h e  t r a j e c t o r y  
a long  which o c c u l t a t i o n  can b e  observed may o f t e n  be w e l l  approximated 
wi th  a s t r a i g h t  l i n e .  The y a x i s  goes through t h e  c e n t e r  of t h e  p l a n e t  
and t h e  t r a n s m i t t e r  on t h e  e a r t h .  The x-y p l ane  i s  chosen p a r a l l e l  t o  
t h e  f ly-by t r a j e c t o r y .  
For a s p h e r i c a l l y  symmetric ionosphere,  i t  i s  convenient  t o  r o t a t e  
t h e  p o i n t s  a long t h e  t r a j e c t o r y  around t h e  y a x i s  u n t i l  they  end up i n  
t h e  x-y p l ane .  In  t h i s  way a new curve ,  which h e r e  w i l l  be c a l l e d  t h e  
equ iva len t  t r a j e c t o r y ,  i s  obtained i n  t h e  x-y p lane .  In  t h e  s p h e r i c a l l y  
symmetric case ,  i t  is  s u f f i c i e n t  t o  s tudy  t h e  phase and ampli tude of t h e  
waves i n  t h e  x-y p l ane ,  which w i l l  t h e n  a l s o  g i v e  phase pa th  and ampli- 
t u d e  a long  t h e  t r u e  t r a j e c t o r y .  
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TO THE TRANSMITTER 
TRAJECTORY ALONG 
WHICH OCCULTATION 
I S  OBSERVED 
E Q U I V A L E N T  \ 
F I G .  1. GEOMETRY DURING THE OCCULTATION. 
In  t h e  fo l lowing  s e c t i o n s  t h e  r a y  theo ry  is a p p l i e d  t o  ana lyze  t h e  
propagat ion  through t h e  p l a n e t a r y  ionosphere.  The r e f r a c t i n g  medium is  
inhomogeneous but i s o t r o p i c .  The energy i s  t h e r e f o r e  propagat ing  a long  
t h e  wave normal and t h i s  d i r e c t i o n  can be found from S n e l l ' s  Law. 
Necessary c o r r e c t i o n s  t o  t h e  ray- theory  s o l u t i o n  a r e  t aken  up l a t e r .  
A. RAYPATHS 
Ref rac t ion  i n  s p h e r i c a l l y  symmetric ionospheres  i s  d i scussed  f i r s t  
because t h e  e f f e c t  of nonsphe r i ca l  p e r t u r b a t i o n s  i n  t h e  e l e c t r o n  d e n s i t y  
d i s t r i b u t i o n  i s  sma l l .  A p o l a r  c o o r d i n a t e  s y s t e m  can be used t o  d e s c r i b e  
t h e  raypaths  i n  t h e  x-y p l ane  when t h e  ionosphere  i s  assumed s p h e r i c a l l y  
symmetr ic .  
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.' . 
The d i f f e r e n t i a l  equat ion  f o r  t h e  raypaths  can be de r ived  i n  t h e  
fo l lowing  way. From t h e  t r i a n g l e  ABC i n  F i g .  2 it is seen  t h a t  
r - d0 = t a n  i 
d r  
To  o b t a i n  an e x p l i c i t  express ion  f o r  t h e  r a y s  i n  t e r m s  of r and @, 
a r e l a t i o n  between i and t h e  r e f r a c t i v e  index p ( r )  is  needed. I t  i s  
seen  from F i g .  3 t h a t  f o r  an ionosphere b u i l t  up of s h e l l s  ( s p h e r i c a l  
l a y e r s )  w i th  cons t an t  p,  one has 
( l a w  of s i n e s )  
( S n e l l f s  Law) 




= r2 s i n  y r s i n  i 
p1 s i n  y2  = p2 s i n  i 
= r3 s i n  y r s i n  i 
1 1 
2 2 
The product  of t h e s e  equat ions  g i v e s  
plr l  s i n  i - r s i n  i 1 - ' n  n n 
or when p ( r )  i s  a cont inuous func t ion  of r, 
P r s i n i = p r  0 0  = a  ( 2 . 2 )  
i s  
1J-0 
where r is  t h e  r a d i u s  of c l o s e s t  approach f o r  t h e  raypath  and 
t h e  r e f r a c t i v e  index a t  t h i s  p o i n t .  The d i s t a n c e  between t h e  c e n t e r  of 
t h e  p l a n e t  and t h e  raypath  asymptote i s  denoted by a. 
i s  sometimes c a l l e d  Bouguer's r u l e .  
0 
Equat ion ( 2 . 2 )  
Combining Eqs. (2 .1 )  and ( 2 . 2 )  y i e l d s  t h e  d i f f e r e n t i a l  equa t ion  for 
t h e  r aypa th  
T h i s  i s  a f a i r l y  w e l l  known r e s u l t  [Ref .  11. 
( 2 . 3 )  
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Assuming t h a t  t h e  e f f e c t s  of t h e  magnet ic  f i e l d  and t h e  c o l l i s i o n s  
a r e  n e g l i g i b l e ,  w e  ge t  from t h e  magnetoionic theo ry  
where 
80.6 
X ( r )  = -N ( r )  
f 2  
Here, f i s  t h e  frequency and N ( r )  i s  t h e  r a d i a l  d i s t r i b u t i o n  of 
e l e c t r o n  d e n s i t y  i n  t h e  p l ane ta ry  ionosphere .  
By combining Eq. (2 .3 )  and Eq.  ( 2 . 4 )  and i n t e g r a t i n g ,  one o b t a i n s  
where @ = o f o r  r = r . 
0 
Assuming t h a t  t h e  e l e c t r o n  d e n s i t y  p r o f i l e  i s  known, one can u s e  
Eq. (2 .6 )  t o  de te rmine  raypaths  f o r  d i f f e r e n t  r . This  fami ly  of ray- 
p a t h s  ( F i g .  4 )  may be used t o  f ind  t h e  r a y  p i c t u r e s  when some r a d i a t i n g  
source  i s  p resen t  i n s i d e  or  o u t s i d e  t h e  ionosphere .  For  i n s t a n c e ,  when 
t h e  sou rce  i s  f a r  away from t h e  p l ane t ,  a l l  t h e  r a y s  should be r o t a t e d  
about t h e  o r i g i n  so t h a t  one of t h e i r  asymptotes  p o i n t s  towards t h e  
source .  
0 
In  most f ly-by experiments ,  it i s  expected t h a t  t h e  t r a j e c t o r y  w i l l  
l i e  w e l l  o u t s i d e  t h e  ionosphere,  and t h i s  makes it p o s s i b l e  t o  s i m p l i f y  
t h e  procedure.  In s t ead  of f ind ing  t h e  t o t a l  raypath ,  it i s  s u f f i c i e n t  
t o  de te rmine  t h e  asymptotes .  The geometry i s  shown i n  F ig .  5 where: 
and 
a - R  = cos  (2$ + p j  P 
The new geomet r i ca l  q u a n t i t i e s  involved a r e  shown i n  F ig .  5.  
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W e  w i l l  now in t roduce  a new v a r i a b l e  a given  by 
r 
r '  ( 2 . 9 )  
a = arccos (-\ 0 
Now one o b t a i n s  f o r  t h e  t o t a l  angle (2$) t h a t  t h e  r a y s  a r e  r e f r a c t e d :  
da 
( 2 . 1 0 )  1- 7 214 = 2 (If - + 1 - X b o )  2 X ( r  ) cos  a - X(ro/cos a) 0 0 2 s i n  CY 
This  equa t ion  i s  c o r r e c t  f o r  a wide range of f r e q u e n c i e s  a s  long a s  
c o l l i s i o n s  and magnetic f i e l d s  a re  absen t .  However, w e  a r e  mainly 
i n t e r e s t e d  i n  t h e  high-frequency c a s e  
d e s i r a b l e  t o  s i m p l i f y  E q .  ( 2 . 1 0 ) .  Looking a t  
( X  << l ) ,  and j t  would be 
2 X(ro/cos a )  
cos  CT - 
X ( r  ) 
0 
S(a,ro) = X b o )  2 
s i n  a 
one sees t h a t  (61 is  less than  1 f o r  a g r e a t e r  t h a n  0 because 
X ( r o )  << 1. For la\ << 1 w e  have 
( 2 . 1 1 )  
Thus f o r  sma l l  a: 
which a l s o  t u r n s  out  t o  be smal l  compared t o  1 for t h e  ionosphe r i c  models 
w e  w i l l  c o n s i d e r ,  Using t h i s ,  we can expand t h e  in t eg rand  i n  Eq. (2 .10 )  
and ,  ma in ta in ing  o n l y  t h e  f i r s t - o r d e r  terms i n  X ,  w e  o b t a i n :  
(2 .12 )  
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For t h e  cases  w e  s h a l l  c o n s i d e r ,  2$ t u r n s  out  t o  be less t h a n  1 or 2 
deg ,  and Eq. ( 2 . 1 2 )  u s u a l l y  provides  good accuracy .  
Equation ( 2 . 1 2 )  shows t h a t  t h e r e  i s  a l i n e a r  r e l a t i o n  between 
and X.  I f  w e  have an ionosphe r i c  model [X(ro/cos a ) ]  b u i l t  up of 
s e v e r a l  l a y e r s  [ X v  ( ro /cos  a ) ] ,  t h i s  can  be w r i t t e n  
2q 
Applying Eq.  ( 2 . 1 2 ) ,  w e  f i n d  f o r  t h e  r e f r a c t e d  a n g l e :  
( 2 . 1 3 )  
(2 .14 )  
t h  
where 2qV is  caused by t h e  v l a y e r ,  e tc .  In  o t h e r  words,  supe r -  
p o s i t i o n  a p p l i e s ,  and r e f r a c t i o n  due t o  each  l a y e r  may be t r e a t e d  a s  i f  
i t  w e r e  t h e  on ly  l a y e r  p r e s e n t .  
In  Chapters I11 and I V ,  exponen t i a l  and Chapman-distributed e l e c t r o n  
d e n s i t y  p r o f i l e s  a r e  assumed. More complex ionospheres  can  be s t u d i e d  
by cons ide r ing  them a s  be ing  c o n s t r u c t e d  from a combinat ion of t h e s e  
b a s i c  models. 
W e  have so f a r  assumed a s p h e r i c a l l y  symmetric ionosphere  and,  on 
t h i s  b a s i s ,  determined t h e  r aypa th .  However, one can  a l s o  s t a r t  by 
assuming an ionosphere  w i t h  nonsphe r i ca l  p e r t u r b a t i o n s .  Let us look  a t  
t h e  wavefronts  a s  a wave propagates  th rough  a p l a n e t a r y  ionosphere  f o r  
t h e  high-frequency c a s e  i l l u s t r a t e d  i n  F i g .  6 .  The wavefronts  become 
s l i g h t l y  per turbed  a s  t h e  wave propagates  through t h e  ionosphere .  The 
phase a t  point  P i n  F ig .  6 i s  p r o p o r t i o n a l  t o  t h e  i n t e g r a l  of p a long  
t h e  r aypa th .  For t h e  c a s e  shown, it  does not  m a t t e r  whether  one i n t e -  
g r a t e s  p along t h e  r aypa th  or along t h e  s t r a i g h t  l i n e  a .  ( T h i s  i s  
on ly  t r u e  when t h e  po in t  P i s  close behind t h e  ionosphere  and when t h e  
r e f r a c t i o n  is  s m a l l . )  Using t h i s  argument,  w e  see t h a t  
t aken  along a g i v e s  t h e  p e r t u r b a t i o n  on t h e  wavefront  i n  t h e  y d i r e c t i o n .  
j(1 - p )  dy 
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FIG. 6 .  PERTURBATION OF THE WAVEFRONTS. 
The angle  t h e  wave normal makes w i t h  t h e  y a x i s  (2q )  i s  equa l  t o  
minus t h e  s l o p e  of t h e  wavefront ,  and w e  t h e r e f o r e  o b t a i n :  
24r = - dx 
through 
(2 .15)  
where t h e  g r a d i e n t  i n  IJ. i s  assumed n e g i i g i b i e  pe rpend icu la r  t o  t h e  
x-y p l a n e .  
Equat ion ( 2 . 1 5 )  s t a t e s  t h a t  t h e  angu la r  d e v i a t i o n  of t h e  r a y s  i n  t h e  
high-frequency c a s e  i s  equal  t o  t h e  g rad ien t  i n  t h e  i n t e g r a t e d  phase 
r e f r a c t i v e  index ,  p.  This  resul t  h a s ,  for i n s t a n c e ,  been used t o  
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determine  h o r i z o n t a l  g r a d i e n t s  i n  t h e  t o t a l  i o n i z a t i o n  of t h e  e a r t h ' s  
ionosphere  by measuring t h e  ionosphe r i c  r e f r a c t i o n  of waves from r a d i o  
s t a r s  [Ref .  21 .  
Let  us  apply  Eq. (2 .15 )  t o  t h e  s p h e r i c a l l y  symmetric c a s e  and 
compare t h i s  w i t h  t h e  r e s u l t s  w e  ob ta ined  p r e v i o u s l y .  
g i v e s  i n  t h e  high-frequency c a s e :  
Equat ion ( 2 . 4 )  
1 
p ( r )  = 1 - - 2 X ( r )  ( 2 . 1 6 )  
t h u s  
and 
A f t e r  i n t roduc ing  x = r and y = ro t a n  a ,  w e  o b t a i n :  
0 
r 
da  d 0 
0 
r d a  
0 
The l a s t  i n t e g r a l  can be i n t e g r a t e d  by p a r t s  g i v i n g  
0 0 
a r t  h e r  manipulat  i o n s  g i v e  
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where t h e  l i m i t  is  z e r o .  
w e  see t h a t  t h e  two approaches y i e l d  t h e  same r e s u l t ,  and w e  have t h e r e -  
f o r e  j u s t i f i e d  t h e  s imple  arguments l e a d i n g  t o  Eq. ( 2 . 1 5 ) .  
By comparing t h i s  expres s ion  wi th  Eq. ( 2 . 1 2 ) ,  
W e  have so f a r  l i m i t e d  t h e  d i s c u s s i o n  t o  r e f r a c t - i o n  caused by 
g r a d i e n t s  i n  t h e  i o n i z a t i o n .  However, it is worthwhile n o t i n g  t h a t  t h e  
same r e s u l t s  can be used t o  t rea t  r e f r a c t i o n  i n  t h e  lower atmosphere.  
For t h e  r e f r a c t i o n  index i n  t h i s  ca se ,  w e  can use  [Ref .  31 : 
+ 380, O O O e )  
T2 
(2 .17 )  
where P i s  t h e  p a r t i a l  p r e s s u r e  of d r y  a i r  i n  m i l l i b a r s ,  e i s  t h e  
p a r t i a l  p r e s s u r e  of water  vapor i n  m i l l i b a r s ,  and T i s  t h e  tempera- 
t u r e  i n  degrees  Kelv in .  This  corresponds t o  r e p l a c i n g  Eq. ( 2 . 5 )  by 
T 
(2 .18 )  
When T i s  cons t an t  throughout t h e  atmosphere,  t h e  p r e s s u r e  can be 
expressed  a s  an exponen t i a l  func t ion  of h e i g h t .  W e  can t h e r e f o r e  use  
Chapter I11 t o  t a k e  i n t o  account t h e  i n f l u e n c e  of t h e  atmosphere.  
B. PHASE PATH ( s  ) AND GROUP PATH ( s  ) 
The r a y  p i c t u r e  i s  u s e f u l  i n  t h e  v i s u a l i z a t i o n  of t h e  p ropaga t ion ,  
P g 
but w e  a r e  more i n t e r e s t e d  i n  those  q u a n t i t i e s  which can be measured, 
such  a s  phase and group p a t h s .  The phase p a t h  of t h e  s i g n a l  i s  found 
by i n t e g r a t i n g  t h e  phase r e f r a c t i v e  index p along t h e  r aypa th  from t h e  
t r a n s m i t t e r  (or some r e f e r e n c e  surf  a c e ) ,  th rough t h e  p l a n e t a r y  ionosphere 
and t o  t h e  r e c e i v e r .  
There a r e  two reasons  why t h e  phase p a t h  changes a s  t h e  t r a n s m i t t e r  
i s  occu l t ed  by t h e  ionosphere:  
1. The e l e c t r o n s  advance t h e  phase and t h e r e f o r e  t end  t o  make t h e  
phase p a t h  s h o r t e r .  
i n c r e a s e  t h e  phase p a t h .  
2 .  The r aypa ths  a r e  curved due t o  r e f r a c t i o n  and t h i s  t e n d s  t o  
I t  i s  necessa ry  t o  s tudy  both these  competing e f f e c t s  i n  o r d e r  t o  draw 
any conc lus ions  about how t h e  phase pa th  i s  changing.  
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Prev ious ly  w e  i n d i c a t e d  t h a t  t h e  phase p a t h  cou ld  be found by i n t e -  
g r a t i n g  p a long  t h e  r a y p a t h .  Th i s  method i s  s u f f i c i e n t  when t h e  
propagat ion t a k e s  p l a c e  ove r  r e l a t i v e l y  s h o r t  d i s t a n c e s ,  such a s  between 
two p o i n t s  on t h e  e a r t h ' s  s u r f a c e ,  However, i t  is not  a p r a c t i c a l  
approach i n  our c a s e  because f o r  most f l y - b y  t r a j e c t o r i e s ,  one has  t o  
i n t e g r a t e  ove r  such huge d i s t a n c e s  t h a t  t h e  e f f e c t  of t h e  p l a n e t a r y  
ionosphere more or less d i s a p p e a r s .  One can improve t h e  accu racy ,  when 
a d i g i t a l  computer i s  a v a i l a b l e ,  by u s i n g  doub le -p rec i s ion  a r i t h m e t i c .  
However, s i n c e  t h e  u s e  of doub le -p rec i s ion  a r i t h m e t i c  slows down t h e  
e x e c u t i o n  of t h e  program c o n s i d e r a b l y ,  i t  is not a ve ry  a t t r a c t i v e  
s o l u t i o n  from an economical p o i n t  of view. Hence, i t  is  d e s i r a b l e  t o  
look f o r  a more s o p h i s t i c a t e d  method f o r  t h e  c a l c u l a t i o n  of t h e  phase 
p a t h .  
Our primary i n t e r e s t  i s  not so  much t h e  t o t a l  phase p a t h  i t s e l f  , 
but r a t h e r  t h e  changes i n  t h e  phase p a t h  due t o  t h e  p l a n e t a r y  ionosphe re .  
These changes would be f a i r l y  s imple  t o  compute i f  t h e  r a y p a t h s  w e r e  t h e  
same w i t h  and without  t h e  ionosphere.  In  t h e  l a t t e r  c a s e ,  i t  would o n l y  
be necessary t o  i n t e g r a t e  t h e  e l e c t r o n  d e n s i t y  a long s t r a i g h t  l i n e s .  
However, we must look deeper  i n t o  t h i s  because t h e  r a y s  a r e  cu rved .  
Defining s as t h e  d e c r e a s e  i n  t h e  phase p a t h  due t o  t h e  p re sence  
P 
of t h e  p l a n e t a r y  ionosphe re ,  w e  can  w r i t e :  
( 2 . 1 9 )  
a long  along 
s t r a i g h t  r a y p a t h  
l i n e  
where t h e  second i n t e g r a l  i s  t a k e n  along t h e  a c t u a l  r a y p a t h ,  and t h e  
f i r s t  i n t e g r a l  is t aken  a long  t h e  r aypa t  h connec t ing  t r a n s m i t t e r  and 
r e c e i v e r  when t h e  p l a n e t a r y  ionosphere i s  ( imagined)  removed. The 
parameter  c i s  t h e  f r ee - space  phase v e l o c i t y  and f i s  t h e  f r equency .  
Thus, s g ives  t h e  phase d i f f e r e n c e  i n  c y c l e s .  
P 
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where 
In  t h e  high-frequency c a s e ,  Eq.  (2 .19 )  g i v e s  
2 - s + s  '( C d s -  a 1  ong d s + $  a / ong X d S ) = S p = -  1 
along 
s t r a i g h t  r aypa th  raypat  h 
l i n e  
s 1 c  =y J ds  - 
a 1 ong a long  
raypat  h s t r a i g h t  
1 i n e  
f s = -  { X d s  2 2c 
a long  
raypat  h 
(2 .20 )  
(2 .21 )  
( 2 . 2 2 )  
The group pa th  i s  of i n t e r e s t  when one t r a n s m i t s  p u l s e s  i n s t e a d  of 
cw. For t h e  i n c r e a s e  i n  group path (sg)  due t o  t h e  presence  of t h e  
p l a n e t a r y  ionosphere ,  one o b t a i n s  
2 s = s  + s  g 1  
(2 .23 )  
when magnetic f i e l d s  and c o l l i s i o n s  can be neg lec t ed .  The group t i m e  
d e l a y  due t o  t h e  p l a n e t a r y  ionosphere i s  ( s g / f )  w i t h  t h i s  n o t a t i o n .  
Equation ( 2 . 2 1 )  g ives  s1 i n  t e r m s  of two i n t e g r a l s ;  t h e  magnitude 
of t h e s e  i n t e g r a l s  i s  very  l a r g e  compared t o  t h e i r  d i f f e r e n c e .  It i s  
t h e r e f o r e  not p r a c t i c a l ,  a s  descr ibed  e a r l i e r ,  t o  compute t h e  two i n t e -  
g r a l s  and t h e n  s u b t r a c t  them. Ins tead ,  one can  compute s i n  two 
s t e p s .  The f i r s t  s t e p  c o n s i s t s  of f i n d i n g  s a s  i f  t h e  propagat ion  
was along t h e  r aypa th  asymptotes.  The a c t u a l  r aypa th  between t h e  t r a n s  
mitter and t h e  r e c e i v e r  may be s h o r t e r  or l onge r  t h a n  t h e  d i s t a n c e  
measured along t h e  raypath  asymptotes,  and i t  is t h e  purpose of t h e  





One o b t a i n s ,  when t h e  r a y s  can be cons idered  p a r a l l e l  before  t h e y  
e n t e r  t h e  p l a n e t a r y  ionosphere:  
(2 .24 )  f 
1 c  1 s 
= - (x - a )  t a n  JI + 
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where x des igna te s  t h e  x-coord ina te  of t h e  r e c e i v e r  f o r  t h e  equ iva len t  
t r a j e c t o r y ,  and a and $ are given by  Eq. ( 2 . 2 )  and Eq. ( 2 . 1 2 ) ,  
r e s p e c t  i v e l y  . 
Comput a t  i o n  of As, r e q u i r e s  i n t e g r a t i o n .  U s e  0-f a p o l a r  c o o r d i n a t e  
s y s t e m  t o  f i n d  As1 
t h e  d i s t a n c e  t o  t h e  p l a n e t a r y  c e n t e r  i s  i n c r e a s e d  and t h e  process  does ,  
f o r  t h i s  reason,  not converge.  F igure  7 shows a more convenient  coord i -  
n a t e  sys tem g i v i n g  f a s t  convergence when 5 is  used a s  a dummy v a r i a b l e  
of i n t e g r a t i o n .  It t u r n s  out t h a t  aS r e p r e s e n t s  a h ighe r  o r d e r  
c o r r e c t i o n  t o  s and can o f t e n  be n e g l e c t e d ,  a s  l a t e r  r e s u l t s  w i l l  show. 
The phase advance o r  group d e l a y  due t o  t h e  e l e c t r o n s  i s  g iven  by 
i s  not p r a c t i c a l  because t h e  e r r o r s  ge t  l a r g e r  a s  
1 
1 
Eq. ( 2 . 2 2 ) .  Again u s i n g  t h e  p o l a r  c o o r d i n a t e  s y s t e m  and a a s  a dummy 
v a r i a b l e ,  w e  o b t a i n  : 
TOTE 
FIG. 7. A CONVENIENT COORDINATE SYSTEM 
FOR CALCULATION OF As,. 
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X(ro/cos a )  1/2 
s 2 = -  f c o  r cos2a [.in a + cos  a (Sr] da 
0 
( 2  2 5 )  
where 
Expanding t h e  in t eg rand  i n  Eq. (2 .25)  and ma in ta in ing  on ly  t h e  f i r s t -  
o r d e r  t e r m  i n  X g ives  
In/' X(ro/cos a> 
da f s = -  
2 c o  cos& 
0 
(2 .27)  
neg lec t ed  a s  f a r  a s  computation of 
t h e  i n f l u e n c e  of r e f r a c t i o n  on s 
P 
behind t h e  ionosphere .  
Combining Eq. (2 .15)  and Eq. (2 
which i s  t h e  same as  i n t e g r a t i n g  X a long a s t r a i g h t  l i n e  through t h e  
ionosphere .  It i s  important  t o  n o t i c e  h e r e  t h a t  whi le  r e f r a c t i o n  can be 
s goes ,  one cannot a t  a l l  neg lec t  
or s when t h e  r e c e i v e r  is w e l l  
2 
g 
C 2 q = - -  f 
27) , one o b t a i n s  : 
(2 .28)  
which w i l l  prove u s e f u l  i n  l a t e r  c h a p t e r s .  
The t i m e  r a t e  of change i n  s g i v e s  t h e  doppler  s h i f t  due t o  t h e  
P 
ionosphere .  One may measure ds /dt i n  t h e  fo l lowing  way. Assume t h a t  
two harmonical ly  r e l a t e d  f r equenc ie s  f l  and f 2  a r e  t r a n s m i t t e d  from 
t h e  e a r t h .  Thus f m = f where m i s  an i n t e g e r  l a r g e r  t h a n  1. 
Before o c c u l t a t i o n  t a k e s  p l a c e ,  one w i l l  r e c e i v e  t h e  f r equenc ie s  
f l [ l  - ( v r / c ) ]  and f 2 [ l  - ( v r / c ) ] ,  where v i s  t h e  v e l o c i t y  a t  which 
t h e  t r a n s m i t t e r  and r e c e i v e r  move a p a r t .  The lowest f requency  w i l l  i n  
a u u A L A v u  bz s h i f t e d  hy  Af during o c c u l t a t i o n .  W e  w i l l  assume t h a t  
f 2  i s  so  h igh  t h a t  t h i s  wave propagates  und i s tu rbed  through t h e  
p l a n e t a r y  ionosphere .  A f t e r  mixing of f 2 [ 1  - ( v r / c ) ]  and t h e  m 
harmonic of f l [ l  - ( v r / c ) ]  - Mi, one can f i l t e r  out mAfi. This  
y i e l d s  s a f t e r  i n t e g r a t i o n .  I t  i s  he re  assumed t h a t  t h e  e f f e c t  of 
P 
1 2 '  
r 
- A A G + G - -  
i 
t h  
P 
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changes i n  t h e  e a r t h ' s  ionosphere  and i n  t h e  i n t e r p l a n e t a r y  medium can  
be neg lec t ed  or p r e d i c t e d .  
The t o t a l  e l e c t r o n  con ten t  of t h e  e a r t h ' s  ionosphere  i s  about 
17  2.10 e l e c t r o n s  meter2 i n  t h e  dayt ime.  Ionospher ic  i r r e g u l a r i t i e s  
cause  f l u c t u a t i o n s  of about f2  pe rcen t  i n  t h e  dayt ime con ten t  [ R e f .  41 .  
I 
This  v a r i a t i o n  cor responds  t o  a change i n  s of about +lo wavelengths  
a t  f requency 5 0  M c .  Night t ime v a r i a t i o n s  i n  s would be s m a l l e r .  
2 
2 
Even less i s  known about t h e  d e n s i t y  f l u c t u a t i o n s  one may encounter  
i n  t h e  i n t e r p l a n e t a r y  medium. However, t h e  S t a n f o r d  Center  f o r  Radar 
Astronomy has  r a d i o  propagat  i on  experiments  t o  
and I1 which w i l l  h e l p  answer t h e s e  q u e s t i o n s .  
Group-path measurements may a l s o  be used .  
m i t t i n g  two p u l s e  t r a i n s  of f requency f l  and 
observ ing  t h e  change i n  t h e  t i m e  d e l a y  between 
f requency .  
be inc luded  on Pioneer  I 
This  can be done by t r a n s -  
f 2 ,  r e s p e c t  i v e l y  , and 
p u l s e s  of d i f f e r e n t  
Other  p o s s i b l e  measurement t echn iques  a r e  d i s c u s s e d  by Eshleman, 
Ga l l aghe r ,  and B a r t h l e  [Ref .  51 .  
C .  REFRACTION G A I N  ( G r )  
Another measurable  q u a n t i t y  of g r e a t  i n t e r e s t  is  t h e  ampli tude of 
t h e  s i g n a l .  Rather  t h a n  compute t h e  a b s o l u t e  v a l u e  of t h e  ampl i tude ,  
w e  w i l l  f i n d  t h e  changes i n  t h e  ampli tude due t o  t h e  presence  of t h e  
p l a n e t a r y  ionosphere .  
Let u s  d e f i n e  t h e  " r e f r a c t i o n  g a i n "  (G,) a s  
( 2 . 2 9 )  
where 
r e c e i v e r  without any p l a n e t a r y  ionosphe re ,  and S2 i s  t h e  Poynt ing 
v e c t o r  a t  t h e  r e c e i v e r  i n  t h e  presence  of t h e  ionosphere .  F igure  8 
i l l u s t r a t e s ,  c o n s i d e r a b l y  exagge ra t ed ,  t h e  e f f e c t  of r e f r a c t i o n  on t h e  
ampl i tude .  W e  w i l l  assume t h a t  t h e  ga in  of t h e  t r a n s m i t t i n g  antenna can 
be cons idered  cons t an t  over  a s o l i d  a n g l e ,  i n c l u d i n g  t h a t  p a r t  of t h e  
f ly-by t r a j e c t o r y  a long  which t h e  o c c u l t  a t  i o n  is  observed .  This  assump- 
t i o n  impl ies  t h a t ,  i n  t h e  absence of any p l a n e t a r y  ionosphe re ,  t h e  power 
S1 is t h e  Poynt ing v e c t o r  one would have a t  t h e  p o s i t i o n  of t h e  





REFRACTION GAIN DUE TO PLANETARY 
ATMOSPHERE. 
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d e n s i t y  i s  t h e  same a t  p o s i t i o n s  1 and 2 i n  F ig .  8.  Hence one can r e l a t e  
S1 and S2 t o  geometr ic  q u a n t i t i e s  on t h e  r a y  p i c t u r e  
S r D r  = S r &  
1 1  1 2 2  2 
which g ives  
G = 10 l o g (  -) rl&l 
r r2Llr2 
( 2 . 3 0 )  
We can s i m p l i f y  Eq. (2 .30 )  f u r t h e r  because t h e  ang le  by which t h e r a y s  
a r e  r e f r a c t e d  (2$) i s  ve ry  sma l l  i n  t h e  high-frequency c a s e .  L e t  t h e  
coord ina te s  of t h e  r e c e i v e r  be (x, y)  . W e  have ,  u s i n g  q u a n t i t i e s  d e f i n e d  
i n  F ig .  5: 
r = R~ + q + ( 2 ~ r  + B ) Y  2 
and 
a 
+ B Y  1 cos  8 
r = -  
A f t e r  i n t roduc ing  r = x, one o b t a i n s  2 
Y ( 2 . 3 1 )  
r 




where o n l y  f i r s t - o r d e r  terms i n  2$ and B a r e  main ta ined .  W e  can 
a l s o  w r i t e  
Lc!x = q + -  d2$ DY 
d r  & l =  
0 
2 
( 2 . 3 2 )  
Combining Eqs. ( 2 . 3 0 ) ,  ( 2 . 3 1 ) ,  and ( 2 . 3 2 ) ,  one o b t a i n s  
I 
1 - 2 J r ;  Y 
d2$ DY 1 + - -  
d r  D + y  
Gr = 10 log 
0 
( 2 . 3 3 )  
Close behind t h e  ionosphere one has  
1 2 4 ~  1 
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and t h i s  g i v e s  f o r  t h e  g a i n  
(2 .34 )  
where one can  o f t e n  neg lec t  t h e  term ( 2 q y / x ) .  
We have h e r e  based t h e  d e f i n i t i o n  of t h e  g a i n  on t h e  r a y  t h e o r y .  
Th i s  imp l i e s  t h a t  G does not d e s c r i b e  t h e  ampl i tude  v a r i a t i o n s  c l o s e  
t o  shadow boundar ies  or c a u s t i c s .  Approximations f o r  t h e  ampl i tude  can  
i n  t h e s e  r e g i o n s  be found from the  wave t h e o r y  a s  shown i n  Appendix A .  
r 
D. CAUSTIC FORMATION 
The d i s t a n c e  ( y  ) behind t h e  ionosphere  a t  which t h e  r a y s  c r o s s  
C 
each  o t h e r  can be found by s e t t i n g  t h e  denominator of Eq. (2 .33 )  equa l  
t o  z e r o :  
1 + -  d2Jr DYc = o  
d r  D + y  
0 C 
o r  
-1 
y, = ( -  2 - ;) 
C a u s t i c s  a r e  formed on ly  when 
1 < - -  d2@ d r  D -
0 
(2 .35 )  
( 2 . 3 6 )  
for some f i n i t e  i n t e r v a l  i n  r w h i l e  d2@/dro > - 1 / D  t e n d s  t o  
defocus  t h e  energy.  
0’ 
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111. APPLICATION TO AN IONOSPHERE WITH EXPONENTIAL ELECTRON DENSITY 
D ISTR I BUT ION 
One can, f o r  p l a n e t a r y  atmospheres i n  h y d r o s t a t i c  e q u i l i b r i u m ,  show 
t h a t  t h e  e l e c t r o n  d e n s i t y  w i l l  be an e x p o n e n t i a l  f u n c t i o n  of he igh t  when 
t h e  d e n s i t y  i n  t h e  atmosphere i s  s u f f i c i e n t l y  low. This  i s  a s p e c i a l  
case of t h e  Chapman t h e o r y  [ R e f .  61 . 
W e  w i l l  i n  t h i s  c h a p t e r  u se  
where X is t h e  normalized e l e c t r o n  d e n s i t y  a t  t h e  s u r f a c e ,  H i s  t h e  
scale  height  i n  t h e  atmosphere, and R i s  t h e  p l a n e t a r y  r a d i u s .  
S 
P 
The complete Chapman formula w i l l  be used i n  t h e  next c h a p t e r .  
A .  RAYPATHS 
The raypaths  can be determined by combining Eq. ( 2 . 6 )  and Eq. ( 3 . 1 ) .  
However, i t  is s u f f i c i e n t  f o r  ou r  purpose t o  know t h e  r aypa th  asymptotes 
and t h e s e  a re  determined by Eqs. ( 2 . 8 )  and ( 2 . 1 2 ) .  Using Eqs. ( 2 . 1 2 )  
and (3.1) , w e  o b t a i n  t h e  ang le  of r e f r a c t i o n  (2$) : 
- r 
T h i s  is shown i n  F ig .  9 as a f u n c t i o n  of r /2H. 
0 
Equat ion ( 3 . 2 )  g i v e s  t h e  high-f requency approximat i o n  f o r  29 .  
However, we would a l s o  l i k e  t o  know what accu racy  w e  can expect  from t h e  
high-frequency approximation. Th i s  can be s e e n  by comparing i t  w i t h  t h e  
exact  s o l u t i o n .  Combining Eq. ( 2 . 1 0 )  and Eq. ( 3 . 1 ) ,  w e  f i n d  t h e  exac t  
s o l u t i o n  : 
(3 .3)  
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H I  GH-FREQUENCY 
APPROXIMATION,  
EXACT S O L U T I O N  FOR 
X(r , )  = 0.01, Eq.  ( 3 . 3 )  
2 $  = T O T A L  ANGLE THAT RAY I S  REFRACTED 
0 IO 20 30 40 50 60 
ro/2H 
FIG. 9. NORMALIZED A N G U  OF REFRACTION FOR THE 
EXPONENTIAL IONOSPHERE. 
The r igh t -hand s i d e  i s  i n  t h i s  case a f u n c t i o n  both  of 
X ( r o ) .  
X ( r o )  
Eq. (3.3) r e s p e c t i v e l y .  With X ( r o )  = 0.01 i n  Eq. (3.3) one o b t a i n s  
t h e  lower curve  i n  F ig .  9 .  
ro/2H and 
It i s  t h e r e f o r e  necessary t o  choose some p a r t i c u l a r  v a l u e  of 
i n  o r d e r  t o  compare t h e  two s o l u t i o n s  g iven  by Eq. (3.2) and 
Figure  9 may g i v e  t h e  f a l s e  impression t h a t  t h e  accuracy i n  2@ i s  
d e c r e a s i n g  w i t h  i n c r e a s i n g  r when t h e  high-frequency appi;uxiniiit i O i i  13 
used.  However, t h i s  i s  not  t r u e  because X(r ) f a l l s  o f f  ve ry  f a s t  w i th  
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A s  an  example, l e t  us  use  H = 50 km and X = 0.01 f o r  t h e  moon. 
S 
This  g i v e s  ro/2H = 1 7  f o r  t h e  g raz ing  r a y .  From F ig .  9 w e  f i n d  t h a t  
t h i s  corresponds t o  an error i n  2$ of about 3 p e r c e n t .  The e r r o r  i s  
less f o r  rays  miss ing  t h e  s u r f a c e .  
I t  may seem s u r p r i s i n g  t h a t  t h e  cu rves  on F ig .  9 go through t h e  
o r i g i n .  This may occur  i n  two d i f f e r e n t  s i t u a t i o n s :  
1. In  t h e  r = 0 c a s e ,  t h e r e  is no p l a n e t  i n  t h e  c e n t e r  of t h e  
0 ionosphere.  The r a y  p a s s i n g  through t h e  c e n t e r  of t h e  ion ized  
b lob  is not bent i n  any d i r e c t i o n .  
2 .  In  t h e  1 / H  = 0 c a s e ,  2$ is  a l s o  z e r o  because t h e r e  is  no 
g rad ien t  i n  t h e  i o n i z a t i o n .  
The curves i n  F ig .  9 have been found by i n t e g r a t i n g  Eq. ( 3 . 2 )  and 
Eq. (3 .3)  on a d i g i t a l  computer.  
employed. One can ,  f o r  i n s t a n c e ,  expand t h e  i n t e g r a n d  i n t o  t h e  fo l low-  
i n g  form: 
Ana ly t i c  t echn iques  can a l s o  be 
exp ( -  k a 2 )  C a' 
V 
v = 0 , 4 , 6 , .  . . 
( 3 . 4 )  
Th i s  form enables  us t o  e v a l u a t e  t h e  i n t e g r a l  when t h e  upper l i m i t  
can  be r ep laced  by i n f i n i t y .  For 2q one can d e r i v e  
(n/2) 
A numeric example has  been worked out i n  o r d e r  t o  i l l u s t r a t e  t h e  
t h e o r y  developed s o  f a r .  The example assumes an e x p o n e n t i a l  model fo r  
t h e  l u n a r  ionosphere wi th  R = 1738 km, H = 50 km, f = 50 Mc, and an 
an e l e c t r o n  d e n s i t y  a t  t h e  s u r f a c e  equa l  t o  200 e l ec t rons / cm 
( X  = 6 .44010  ) . The cor responding  r a y  p i c t u r e  is shown i n  F ig .  10. 
The s c a l e  is  d i f f e r e n t  a long  t h e  two axes ,  and t h e  moon w i l l  t h e r e f o r e  
look  l i k e  an e l l i p s o i d  i n  t h i s  space .  The waves a r e  assumed t o  be 




B. PHASE PATH ( s ) AND GROUP PATH ( s ) 
P g 
It was shown i n  Sec .  I I B  t h a t  t h e  changes i n  t h e  group p a t h  and t h e  
phase  p a t h ,  due t o  t h e  p l a n e t a r y  ionosphe re ,  can  c o n v e n i e n t l y  be ex- 
p r e s s e d  a s  t h e  sum o f ,  and t h e  d i f f e r e n c e  between, S2 and s 1' 
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G R A Z I N G  RAY 
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K I L O M E T E R S  
F I G .  10. REFRACTION I N  A LUNAR IONOSPHERE AT 50 M c  WITH THE TRANSMITTER 
ON THE EARTH. (Assumed e l e c t r o n  d e n s i t y :  N ( h )  = Nmax exp (-h/2H), 
w h e r e  N = 2-108 electrons/m 3 ; H = 50 km.) 
max 
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I * 
respectively. Here s is approximately proportional to the electron 
density integrated along straight lines, and s is proportional to the 
difference in path length with and without the planetary ionosphere. 
2 
1 
The high-frequency approximation for s is given by Eq. (2.27). 2 
Combining this with Eq. (3.1), one obtains: 
The result is shown in Fig. 11 as a function of r /2H (upper curve). 
We 
0 
2' Equation (3.6) gives the high-frequency approximation f o r  s 
also like t o  know what accuracy we can expect from the high-frequency 
approximation. One can determine the accuracy of Eq. (3.6) by comparing 
it with the exact solution given by Eq. (2.25) and Eq. (2.26). The 
exact solution can be normalized in the same way as Eq. (3.6). 
the right-hand side will be a function both of r /2H and X(ro). It 
However, 
0 
0.9 8 t I s2 = - / X  f d s  2c 
HIGH-FREQUENCY A P P R O X I M A T I O N ,  E Q .  (3.6) 
0.3 
0.2 
EXACT S O L U T I O N  
0.1 1 FOR X ( r , )  = 0.01 
0 I I I I I I 
0 I O  20 30 40 50 60 
r o / 2 H  
FIG. 11. NORMALIZED s 2  FOR THE EXPONENTIAL IONOSPHERE. 
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is therefore necessary to keep 
exact solution with the high-frequency approximation. Choosing 
X ( r  ) = 0.01, one finds the lower curve in Fig. 11. 
X ( r o )  constant in order to compare the 
0 
The pole at the origin in Fig. 11 is caused by the normalization 
and does not mean that s is infinite for a ray passing through the 
center of a blob of exponentially distributed ionization. 
2 
The curves on Fig. 11 have been obtained by evaluating the integrals 
on a computer. Analytic techniques can also be employed, as already 
mentioned in Sec. IIIA. For instance, one can show that: 
(3.7) 
For certain intervals in ro/2H, one can find better approximations 
for s 2' 
We also need to find s given by Eq. (2.21). The rays can first 1 
be replaced by their asymptotes as described in Sec. IIB. This computa- 
tion does not require any new integration when q is known. Equation 
(2.24) gives s when the waves can be considered plane before they 
are refracted in the planetary ionosphere. The term As is the 
difference between the phase path measured along the raypath and the 
phase path measured along the raypath asymptotes. 
1 
1 
The term As can be approximated in different ways. For instance, 1 
one can replace that part of the raypath that is closest to the plane- 
tary ionosphere by an arc of a circle. This raypath shape gives 
which is usually negligible at high frequencies. 
The raypath is not really an arc of a circle close to the surface, 
and it is therefore necessary to check how much the actual shape of the 
raypath will influence the form of the expression for As,. For in- 
staiice, wiie caii i.e-piace the &-L of the c i r c l e  sj; g - 4  - - A  -* g ..nnnl...ln 
~ I G L F :  VI F a A u u v L u  
with maximum curvature at the point of closest approach. (The reason 
for choosing a parabola is, of course, that the line integral of this 
conic section can be found in terms of elementary functions.) 
paring the two results one finds that the difference in As is negligible. 
By com- 
1 
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, 
The reason why s can be approximated in such a simple way is, of 1 
course, that the raypaths are almost straight lines. 
C.  REFRACTION GAIN (G ) r 
The refraction gain (G,) was defined in Sec. IIC as the change 
in signal strength due to the refraction in the planetary ionosphere. 
Equation (2.33) shows that this gain depends on which part of the 
ionosphere the signal is propagating through and how far the receiver 
is behind the planetary ionosphere. The numerator of Eq. (2.33) 
contains 2 q  which can be found from Eq. (3.5), and the denominator 
of Eq. (2.33) can be approximated in the following way: 
(3.9) 
where 2$ has been approximated by 
D. CAUSTIC FORMATION 
An approximation for the caustic can be found by combining Eq. (2.35) 
and Eq. (3.5). This corresponds to setting the right-hand side of Eq. 
(3.9) equal to zero. One then obtains for the y-coordinate (y,) of 
the caustic: 
- 1  
r -  
2H 2R P 4R P '  H Rp) exP ("',, (3.10) 0 
This expression can be simplified further when H << R and r - R 
P 0 P 
<< 2R . If one also approximates x with ( ro + yc2q), one obtains 
P C 
(3.11) YC 
X - R  C P d + - -  
2H D 
where (xc, y,) designates the coordinates of the caustic. 
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. 
A r a y  p i c t u r e  was shown i n  Fig.  10 ,  but i t  d i d  not have any c a u s t i c ,  
t h e  reason  being t h a t  t h e  cu rva tu re  of t h e  wavefronts  was t o o  l a r g e  
be fo re  t h e  waves were r e f r a c t e d  i n  t h e  l u n a r  ionosphere .  However, t h e  
r e s u l t  w i l l  look d i f f e r e n t  i f  t h e  wavefronts  a r e  assumed p lane  be fo re  
t h e y  a r e  r e f r a c t e d  i n  t h e  moon's ionosphere .  This  i s  i l l u s t r a t e d  i n  
F i g .  12 .  The ionospher ic  model and t h e  frequency a r e  t h e  same a s  i n  t h e  
p rev ious  example shown i n  F ig .  10, but t h e  sou rce  is a t  i n f i n i t y .  
The c a u s t i c  i n  F ig .  12 is  given by Eq. (3.11) wi th  1 / D  = 0, which 




( 3 . 1 2 )  
i n  Eq. ( 3 . 1 0 )  y c In  o rde r  t o  have a c a u s t i c ,  i t  i s  necessary  t h a t  
be p o s i t i v e  f o r  some f i n i t e  i n t e r v a l  i n  r . This  r e q u i r e s  t h a t  
0 
- 1  
(3 .13 )  
We no te  t h a t  a t  s u f f i c i e n t l y  low f r e q u e n c i e s  t h e r e  w i l l  e x i s t  a c a u s t i c ,  
bu t  as t h e  f requency is inc reased ,  X ceases  t o  s a t i s f y  t h e  above 
r e l a t i o n ,  and t h e  c a u s t i c  d i sappea r s .  
S 
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F I G .  1 2 .  REFRACTION I N  A LUNAR IONOSPHERE AT 50 Mc WITH T H E  SOURCE AT 
I N F I N I T Y .  ( A s s u m e d  e lec t ron  d e n s i t y :  N ( h )  = Nmax exp ( - h / 2 H ) ,  w h e r e  
= 2 - 1 0  8 electrons/m 3 ; H = 50 km. )  
N m a x  
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I V .  APPLICATION TO AN IONOSPHERE WITH CHAPMAN-DISTRIBUTED ELECTRON 
DENSITY 
The Chapman t h e o r y  [Ref .  61 g i v e s  t h e  e l e c t r o n  d e n s i t y  a s  a f u n c t i o n  
of s o l a r  z e n i t h  angle  (X) 
p l a n e t  (r) . Normalizing t h e  Chapman e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  
u s i n g  Eq. (2.5), one o b t a i n s :  
and r a d i a l  d i s t a n c e  from t h e  c e n t e r  of t h e  
r r 
H cos  a H cos  a 
0 
( 4 . 1 )  
where r /cos a r e p r e s e n t s  t h e  d i s t a n c e  t o  t h e  c e n t e r  of t h e  p l a n e t  ( r )  
[ u s i n g  Eq. ( 2 . 9 ) ] ,  X is t h e  s o l a r  z e n i t h  a n g l e ,  H is  t h e  s c a l e  he igh t  
i n  t h e  atmosphere,  R i s  t h e  r ad ius  of t h e  p l a n e t ,  ho i s  t h e  he igh t  
of t h e  maximum e l e c t r o n  d e n s i t y  a t  X = 0,  and X is  t h e  maximum 
i n  t h e  normalized e l e c t r o n  d e n s i t y .  The Chapman ionosphere is not 




The s i g n a l  t r a n s m i t t e d  from t h e  e a r t h  and r ece ived  i n  a space  probe 
behind t h e  Chapman ionosphere w i l l  on ly  propagate  through p a r t  of t h e  
p l a n e t a r y  ionosphere .  The v a r i a t i o n s  i n  t h e  e l e c t r o n  d e n s i t y  wi th  
l o n g i t u d e  and l a t i t u d e  can be neglec ted  a s  a f i r s t  approximation i n  t h a t  
p a r t  of t h e  ionosphere which i s  probed by t h e  waves. This  cor responds  
t o  s e t t i n g  X i n  Eq. ( 4 . 1 )  equal  t o  a cons t an t  Xo. For X w e  w i l l  
use  t h e  s o l a r  z e n i t h  angle  a t  t h e  po in t  where t h e  r a y  pass ing  through 
t h e  r e c e i v e r  is c l o s e s t  t o  t h e  p l a n e t .  
0 
Equat ion ( 4 . 1 )  can now be r e w r i t t e n  i n  a more convenient form: 
( 4 . 2 )  
where 
R + ho 
P + i n  sec (4.3) .. 
H 0 n =  
Equat ion ( 4 . 2 )  r e p r e s e n t s  t he  normalized e l e c t r o n  d e n s i t y  d i s t r i b u -  
t i o n  i n  a s p h e r i c a l l y  symmetric ionosphere.  The maximum X i s  
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J c o s  X a t  a he ight  h . The he igh t  h is  g iven  by 
'max 0 max max 
h max = ho + H I n  s e c  X 0 (4 .4 )  
It i s  important t o  n o t i c e  he re  t h a t  w e  a r e  not  r e p l a c i n g  t h e  e n t i r e  
Chapman ionosphere wi th  a s p h e r i c a l l y  symmetric ionosphere .  W e  a r e  
m e r e l y  neg lec t ing  t h e  nonsphe r i ca l  v a r i a t i o n s  i n  t h e  r e l a t i v e l y  smal l  
p a r t  of t h e  ionosphere which i s  probed by t h e  s i g n a l .  This  s i m p l i f i c a -  
t i o n  w i l l  be f u r t h e r  j u s t i f i e d  l a t e r .  
A .  RAYPATHS 
Sec t ion  I I A  d e s c r i b e s  how one can de termine  t h e  r aypa th  asymptotes 
when t h e  ionosphere i s  g iven .  The de te rmina t ion  of t h e  r aypa th  
asymptotes mainly amounts t o  c a l c u l a t i o n  of t h e  ang le  (2Jr) t h a t  t h e  
r a y s  a r e  r e f r a c t e d .  
Combining Eqs . ( 2 .12)  and ( 4 . 2 ) ,  one o b t a i n s  t h e  high-f requency 
approximation f o r  2Jr: 
r 
1 + K - - - exp 
H 
0 
s e c  X 
0 s i n 2 a  
0 max 
X 
O "3 r r 0 - exp K - H cos a 'Os a d a  ( 4 . 5 )  ( s in2a  - 
The r ight-hand s i d e  can be cons idered  a f u n c t i o n  of K and (h-hmax) /2H. 
Here h denotes  t h e  he ight  a t  which t h e  r a y  i s  miss ing  t h e  S u r f a c e ,  
t h u s  h i s  equal  t o  bo - RP) . 
shown i n  Fig.  13. 
The r e s u l t  of i n t e g r a t i n g  Eq. ( 4 . 5 )  i s  
Figure  14 g ives  an i n d i c a t i o n  of what accuracy  one can expect  from 
t h e  high-frequency approximation by comparing it w i t h  t h e  exac t  s o l u t i o n .  
The exac t  s o l u t i o n  i s  found by combining Eq. ( 2 . 1 0 )  and Eq. ( 4 . 2 ) .  
Normalizing t h e  exac t  s o l u t i o n  i n  t h e  same way a s  i n  Eq. ( 4 . 5 ) ,  
one ob ta ins  a f u n c t i o n  of K ,  (h-hmax)/2H, and X on t h e  
r ight-hand s i d e  of t h e  equa l  s i g n .  The curve  r e p r e s e n t i n g  t h e  exac t  
max 0 
s o l u t i o n  i n  Fig.  14 is drawn f o r  K = 30 and X  COS X = 0.01. max 0 
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B. PHASE PATH (s ) ANT) GROUP PATH ( s  ) 
P g 
It was shown i n  Sec.  IIB how t h e  changes i n  group p a t h  or phase p a t h ,  
due t o  t h e  p l a n e t a r y  ionosphere ,  can be expressed  r e s p e c t i v e l y  a s  t h e  
sum of or t h e  d i f f e r e n c e  between s and s 2 '  1 
Sec t ions  IIB and IIIB showed t h a t  s can be approximated a s  t h e  
1 
phase pa th  along t h e  r aypa th  asymptotes minus t h e  phase pa th  along a 
s t r a i g h t  l i n e  connec t ing  t r a n s m i t t e r  and r e c e i v e r .  Thus s1 can be 
found without  i n t e g r a t i o n  when t h e  r aypa th  asymptotes a r e  determined.  
2 '  
Equation (2 .27 )  g ives  t h e  high-f requency approximat ion  f o r  s 
Combining Eq. (2 .27 )  and Eq. ( 4 . 2 ) ,  one o b t a i n s :  
da r r 0 0 
12 
f X  r 
c s  
0 =j  exp($ [ l  + K - H cos a - (K - H cos a)]  1 2 max o 
0 
( 4 . 6 )  
The r e s u l t  i s  shown i n  F ig .  15 w h e r e  h i s  t h e  r aypa th  m i s s  d i s t a n c e  and 
h i s  t h e  he ight  of t h e  maximum e l e c t r o n  d e n s i t y .  max 
Figure  16 shows a comparison between t h e  high-frequency approximation 
g iven  by J3q. ( 4 . 6 )  and t h e  exac t  s o l u t i o n  g iven  by Eqs. (2.25), ( 2 . 2 6 ) ,  
and ( 4 . 2 )  f o r  K = 30 and X d c o s  X = 0.01.  max 0 
For l a r g e  va lues  of (h-hmax)/2H, one can use t h e  r e s u l t s  i n  
Chapter  111. 
The i n t e g r a l s  i n  t h i s  chapter  have mainly been eva lua ted  on a d i g i t a l  
computer,  but a n a l y t i c  techniques  can a l s o  be employed. The in t eg rand  
i n  Eq. ( 4 . 6 )  can f o r  i n s t a n c e  be expanded a s  desc r ibed  i n  Chapter 111. 
However, d i f f e r e n t  i n t e r v a l s  i n  a r e q u i r e  d i f f e r e n t  expans ions ,  and 
i t  is  t h e r e f o r e  d i f f i c u l t  t o  ob ta in  good accuracy when adding and sub- 
t r a c t i n g  t h e  d i f f e r e n t  a r e a s .  For r ays  t h a t  do not  pass  i n s i d e  t h e  
maximum i n  t h e  e l e c t r o n  d e n s i t y ,  one can show t h a t  
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S i m i l a r  approximat i o n s  have been found for o t h e r  i n t e r v a l s  i n  (h-h 
but t h e  accuracy of these approximations is not  v e r y  good and t h e y  a r e  
t h e r e f o r e  not  given here. 
) /2H, max 
s2 C 
K = U R t h  t In(sec x 0 )  
H 
h,,, = h, t H . In(sec X,) 
h = r, - R p  
0.1 -- 
K = 20 
K = 30 
K = 40 
-3.0 -2.0 - I  .o 0 1 . o  2.0 3.0 4.0 5.0 
h - hm,,/2H 
FIG.  15. NORMALIZED s2 FOR THE CHAPMAN IONOSPHERE. 
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0.6 $. 
( K  = 30. 
EXACT SOLUTION 
Xmax Jcsxo = 0.01 ) 
HIGH-FREQUENCY APPROXIMATION 
EQ. ( 4 . 6 ) .  K = 30 0.2 
0.1 -- 
, 1 I , I 
-2.0 - 1  .o 0 1.0 2:o 3:O 4.0 
F I G .  16.  COMPARISON BETWEEN EXACT AND APPROXIMATE 
s FOR THE CHAPMAN IONOSPHERE. 
2 
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C .  CAUSTICS 
The r e f r a c t i o n  g a i n  ( G r )  behind a Chapman ionosphe re  can  be 
computed us ing  Sec .  I I C  and Sec .  IVA.  The g a i n  Gr is  i n f i n i t e  a long 
c a u s t i c s  and t h i s  f a c t  i s  made use  of i n  Sec .  I I D  t o  o b t a i n  t h e  equa t ion  
f o r  t h e  c a u s t i c  [Eq. ( 2 . 3 5 ) ] .  
Combining Eq. ( 4 . 5 )  and Eq. ( 2 . 3 5 ) ,  one o b t a i n s  f o r  t h e  c a u s t i c  
behind a Chapman ionosphere:  
YC 
o r d i n a t e  
r r 
H cos a H cos  a 
0 - exp(K - 
J 
( 4 . 8 )  
The r e s u l t  i s  shown i n  F ig .  1 7  a s  a f u n c t i o n  of (h-h ) / 2 H ,  where 
h i s  t h e  r a y p a t h  m i s s  d i s t a n c e  and 
e l e c t r o n  d e n s i t y  has  i t s  maximum. W e  see from F i g .  1 7  t h a t  two 
c a u s t i c s  may e x i s t  behind a Chapman ionosphe re .  
max 
is  t h e  he igh t  a t  which t h e  hmax 
=40Qo 
A 
I . o - -  
0.5--  
I I - -  
-2.0 - 1  .o 0 I . o  2.0 
FIG. 17 .  NORMALIZED DISTANCE TO THE 
CAUSTIC FOR THE CHAPMAN IONOSPHERE. 
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D. NUMERIC EXAMPI3 USING A CHAPMAN MODEL FOR THE MARTIAN IONOSPHERE 
The p rev ious  s e c t i o n s  have shown how t h e  r e f r a c t i v e  p r o p e r t i e s  of 
t h e  Chapman l a y e r  can  be r ep resen ted  g r a p h i c a l l y  i n  a normalized form. 
In  t h i s  s e c t i o n  a numeric example is g iven  assuming t h a t  Mars has  a 
Chapman ionosphere .  The s i g n a l s  a r e  t r a n s m i t t e d  from t h e  e a r t h  and 
r e c e i v e d  i n  a s p a c e c r a f t  t h a t  i s  be ing  o c c u l t e d  by t h e  Mart ian iono- 
s p h e r e .  We w i l l  compute phase path and r e f r a c t i o n  g a i n  of t h e  s i g n a l  
r e c e i v e d  i n  t h e  s p a c e c r a f t .  The geometry i s  i l l u s t r a t e d  i n  F i g .  18. 
Two r e c e i v e r  t r a j e c t o r i e s  a r e  shown. 
The r a d i a l  d i s t r i b u t i o n  of t h e  e l e c t r o n  d e n s i t y  a long  t h e  x a x i s  is  
shown i n  F i g .  19 .  W e  w i l l  f i r s t  neg lec t  t h e  nonsphe r i ca l  v a r i a t i o n s  i n  
t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n ,  t h u s  
x = xo 
where Xo 
This  approximat i o n  w i l l  be j u s t  i f  i e d  l a t e r .  
i s  t h e  ang le  between t h e  x a x i s  and t h e  d i r e c t i o n  t o  t h e  sun .  
F igu re  20  shows t h e  r a y  p i c t u r e  i n  t h e  x-y p l ane  f o r  f = 50 Mc.  
The c u r v a t u r e  of t h e  wavefront i s  much s m a l l e r  b e f o r e  it  r eaches  Mars 
t h a n  a f t e r  i t  has  been r e f r a c t e d  i n  t h e  Mart ian ionosphere .  The waves 
have t h e r e f o r e ,  f o r  s i m p l i c i t y ,  been assumed p l a n e  b e f o r e  t h e y  a r e  
r e f r a c t e d  i n  t h e  Mart ian ionosphere.  
The atmosphere on Mars a l s o  causes  r e f r a c t i o n .  Chapter  111, w i t h  
X d e f i n e d  by Eq. ( 2 . 1 8 ) ,  is  w e l l  s u i t e d  for making e s t i m a t e s  of t h e  
a tmospher ic  e f f e c t s .  Reference 7 g i v e s  t h e  necessa ry  atmospheric  
parameters  f o r  Mars. Using t h e s e  parameters  one f i n d s  t h a t  t h e  e f f e c t  
of t h e  atmosphere can be neg lec t ed .  
F igu res  21  and 22 show how amplitude and phase change when o c c u l t a -  
t i o n  t a k e s  p l a c e  a long  t r a j e c t o r y  1. The doppler  s h i f t  of t h e  s i g n a l ,  
caused  by t h e  Mart ian ionosphere ,  i s  g iven  by 
The f i r s t  f a c t o r  ( d s  /dx) 
d i s t a n c e  ( x  - i n  F ig .  23.  F o r  -dx/dt = lo3  m/sec w e  see t h a t  
is shown a s  a f u n c t i o n  of recehrer m i s s  
P 
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F I G .  22. DECREASE I N  PHASE PATH (sp)  DUE T O  T H E  
MARTIAN IONOSPHERE ( f = 50 Mc, TRAJECTORY 1). 
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FIG. 23. RATE OF CHANGE I N  PHASE-PATH DECREASE 
dsp/dx FOR TRAJECTORY 1. 
t h e  Mart ian ionosphere  causes  a doppler  s h i f t  of 1 . 7  cps  a t  m i s s  d i s t a n c e  
600 km. A s  exp la ined  i n  Sec .  I I B ,  t h i s  can be measured by comparing it 
w i t h  t h e  e i g h t h  subharmonic of a 400-Mc s i g n a l .  
The shape  of t h e  cu rves  f o r  phase p a t h  and r e f r a c t i o n  g a i n  vs  re- 
c e i v e r  m i s s  d i s t a n c e  depends s t r o n g l y  on t h e  t r a j e c t o r y .  F igu res  24 and 
25  show t h e  r e s u l t s  for t r a j e c t o r y  2 .  W e  see t h a t  t h e  g a i n  and t h e  phase 
p a t h  now a r e  mul t iva lued  f u n c t i o n s  of 
s i g n a l  i n  c e r t a i n  r e g i o n s  is r ece ived  over  more t h a n  one propagat ion  
p a t h  a t  a t i m e .  
( x  - R ) . This  i s  because t h e  
P 
T r a j e c t o r y  2 c r o s s e s  two branches of t h e  o u t e r  c a u s t i c  a t  m i s s  
d i s t a n c e s  1700 km and 1300 km, r e s p e c t i v e l y .  The i n n e r  c a u s t i c  i n  t h i s  
numeric example has  on ly  one branch i n  t h e  x-y p l a n e .  This  branch i s  
encountered  a t  m i s s  d i s t a n c e  -1100 km. 
So f a r  w e  have neg lec t ed  t h e  nonsphe r i ca l  v a r i a t i o n s  i n  t h e  e l e c t r o n  
d e n s i t y  d i s t r i b u t i o n .  Taking t h e s e  i n t o  accourit we fins t h e  Changes 
shown i n  F igs .  26 and 27.  The nonspher ica l  ionosphere  used h e r e  c o r r e -  
sponds t o  Eq.(4.1) f o r  x 6 85 deg and 
r 
0 0 1 8 5  deg) cos a f o r  X > 85 deg 
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[ A  mod i f i ca t ion  of Eq .  ( 4 . 1 )  i s  necessa ry  because it is  not v a l i d  for 
l a r g e  X.] 
27 have t h e  same e l e c t r o n  d e n s i t y  on ly  a long  t h e  x a x i s .  
The t w o  ionospheres  used i n  t h e  comparison i n  F i g s .  26 and 





FIG, 24. DECREASE I N  PHASE PATH ( s  ) FOR "RAJECl"IW3 2 .  
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THE ELECTRON DENSITY DISTRIBUTION ( s  AT 50 Mc 
FOR TRAJECTORY 1 ) . P 
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F I G .  27. EFFECT OF NONSPHERICAL PERTURBATIONS 
I N  THE ELECTRON DENSITY DISTRIBUTION (REFRAC- 
T I O N  GAIN AT 50 Mc FOR OCCULTATION ALONG 
TRAJECTORY 1 ) , 
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V. DETERMINATION OF THE ELECTRON DENSITY DISTRIBUTION FROM AMPLITUDE, 
PHASE PATH. OR GROUP PATH 
Previous c h a p t e r s  have d iscussed  how t o  f i n d  ampl i tude ,  phase p a t h ,  
and group pa th  of high-frequency r a d i o  waves propagat ing  through a 
p l a n e t a r y  ionosphere wi th  known e l e c t r o n  d e n s i t y  p r o f i l e .  The purpose 
of an experiment would of cour se  be t o  measure t h e  g a i n  G , ( x ) ,  t h e  
changes i n  t h e  phase pa th  
sg (x )  
deduce t h e  d i s t r i b u t i o n  of e l e c t r o n  d e n s i t y  f o r  t h a t  p a r t  of t h e  iono- 
sphe re  which i s  probed by t h e  waves r each ing  t h e  r e c e i v e r .  In  o t h e r  
words t h e  problem has been r eve r sed ,  but t h e  r e s u l t s  de r ived  p r e v i o u s l y  
a r e  s t i l l  of g r e a t  va lue .  
sp( x) , or t h e  changes i n  t h e  group pa th  
a s  t h e  t r a n s m i t t e r  i s  occul ted  by t h e  ionosphere ,  and from t h i s ,  
Propagat ion  through a nonspher ica l  ionosphere can ,  a s  has been 
shown, be t r e a t e d  a s  i f  t h e  ionosphere were s p h e r i c a l l y  symmetric. W e  
t h e n  u s e  t h e  same r a d i a l  d i s t r i b u t i o n  of e l e c t r o n  d e n s i t y  i n  t h a t  p a r t  
of t h e  ionosphere which is probed by t h e  s i g n a l ,  but v a r i a t i o n s  i n  t h e  
e l e c t r o n  d e n s i t y  wi th  l o n g i t u d e  and l a t i t u d e  a r e  neg lec t ed .  
The equ iva len t  t r a j e c t o r y  (F ig .  1) comes i n  very handy here  t o o ;  
and w e  w i l l  assume t h a t  Gr (x ) ,  s p ( x ) ,  and s g ( x )  correspond t o  
measurements a long t h i s  t r a j e c t o r y .  
The two f i r s t  s e c t i o n s  i n  t h i s  chap te r  a r e  mainly devoted t o  
s t u d i e s  of processes  which can be used t o  f i n d  t h e  angle  of r e f r a c t i o n  
2*( ro) 
s2(ro) from G,(x), s p ( x )  or s g ( x ) .  H e r e  x denotes  t h e  a b s c i s s a  
c o o r d i n a t e  of t h e  r e c e i v e r  and r t h e  r a d i u s  of c l o s e s t  approach f o r  
t h e  r aypa th .  (See F ig .  5 . )  
or t h e  normalized s t r a i g h t - l i n e  i n t e g r a t e d  e l e c t r o n  d e n s i t y  
0 
Late r  w e  show how t h e  normalized e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  
X ( r )  can be found from s2(ro).  
A .  DETERMINATION O F  THE NORMALIZED STRAIGHT-LINE INTEGRATED ELECTRON 
DENSITY s,(  r-) FROM THE REFRACTION GAIN G~ ( X) 
L l u  
The r e f r a c t i o n  g a i n  G , ( X )  a long  t h e  equ iva len t  t r a j e c t o r y  i s  given 
by Eq. ( 2 . 3 3 ) .  
j e c t o r y  along which t h e  o c c u l t a t i o n  is  observed can be approximated wi th  
W e  w i l l  assume t h a t  t h a t  p a r t  of t h e  equ iva len t  t r a -  
a s t r a i g h t  l i n e  : 
= yo - ux (5.1) 
SEL-64-025 - 47  - 
c 
The same procedure can be employed when a p iecewise  l i n e a r  approximation 
is used f o r  t h e  equ iva len t  t r a j e c t o r y .  
The r ad ius  of c l o s e s t  approach r f o r  t h e  r a y  t h a t  i s  c r o s s i n g  t h e  
0 
r e c e i v e r  w i l l  be approximated by 
r 0 = x - ( 2 \ l r + p ) y  ( 5 . 2 )  
where ( x ,  y )  a r e  t h e  r e c e i v e r  coord ina te s  . This  cor responds  t o  s e t t i n g  
r equa l  t o  ( R  + q )  i n  F ig .  5. W e  w i l l  f u r t h e r  assume t h a t  y << D. 
The geometr ica l  q u a n t i t i e s  used h e r e  a r e  shown i n  F ig .  5 .  
0 P 
Some remarks a r e  a l s o  necessa ry  on t h e  n o t a t i o n  w e  a r e  going t o  u s e .  
A r a y  wi th  r a d i u s  of c l o s e s t  approach, r is  bent an ang le  2 q ( r o )  
which is  a unique f u n c t i o n  of r . Since  t h e  r a y s  i n  t h e  x-y p l ane  c r o s s  
t h e  equ iva len t  t r a j e c t o r y ,  t h e  same ang le  can a l s o  be cons idered  a 
f u n c t i o n  of r e c e i v e r  a b s c i s s a  x and w e  w i l l  t h e n  w r i t e  2q*(x) .  A l -  
though 2@(ro )  and 2$*(x) 
i t  i s  s t i l l  convenient  t o  have some d i f f e r e n c e  i n  t h e  n o t a t i o n ,  espe-  
c i a l l y  s i n c e  2$*(x) may be a mul t iva lued  f u n c t i o n  of x. For s and 
p, w e  w i l l  s i m i l a r l y  use s ( r  ) ,  s (x), f3(ro), and @*(x) .  For 
p ( r o )  w e  have 
0' 
0 
a r e  equa l  when t h e y  r e f e r  t o  t h e  same r a y ,  
2 * 
2 0  2 
r 
From Eq.  ( 2 . 3 3 )  one can now o b t a i n  
( 5 . 3 )  
( 5 . 4 )  
( 5 . 5 )  
The upper  s ign  i n  Eq. ( 5 . 5 )  should  be used when t h e r e  i s  no c a u s t i c  
between t h e  r e c e i v e r  and t h e  p l a n e t a r y  ionosphe re ;  and t h e  lower Sign 
should  be used when t h e  r a y s  have c ros sed  each  o t h e r  somewhere between 
t h e  r e c e i v e r  and t h e  ionosphere .  The e x p r e s s i o n  f o r  g(x) can be 
s i m p l i f i e d  when t h e  t r a j e c t o r y  l i e s  c l o s e  behind t h e  ionosphere .  
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Rewri t ing  Eq. ( 5 . 4 )  i n  i n t e g r a l  form and n e g l e c t i n g  u[ 2@*( x )  + @*( x ) ]  , 
one o b t a i n s  
X 
where x cor responds  t o  a p o s i t i o n  of t h e  r e c e i v e r  be fo re  t h e  o c c u l t a -  




2$ (x,) = 0 
b X - * 
b @ (xb)  - D + yo - ux 
(5.7) 
Equat ion ( 5 . 6 )  may a t  f i r s t  appear t o  be u s e l e s s  because g ( x )  
depends on t h e  unknown f u n c t i o n  2$*(x). However t h e  t e r m  c o n t a i n i n g  
P$*(x) i n  t h e  expres s ion  f o r  g (x )  is sma l l  compared t o  1 i n  t h e  h igh-  
f requency  c a s e .  This  makes Eq. ( 5 . 6 )  a very  u s e f u l  t o o l  f o r  o b t a i n i n g  
Z$*(X).  
L e t  us  f i r s t  look  a t  a method t h a t  can be used t o  i n t e g r a t e  Eq. ( 5 . 6 )  
d i r e c t l y .  The i n t e g r a t i o n  can  be done by summing -g(x)  Ax from 
l a r g e  toward smaller va lues  of x .  L e t  us  assume t h a t  2$*(x) and 
@*(x) a r e  found i n  t h e  r eg ion  from x t o  x (where x i s  less t h a n  
xb) . The next  s t e p  c o n s i s t s  of determining 2$*(x - Ax) 
One can c a l c u l a t e  g ( x  - Ax) using 2$*(x) i n s t e a d  of 2$*(x - Ax). 
This  is p o s s i b l e  because t h e  term c o n t a i n i n g  i n  Eq. ( 5 . 5 )  i s  
sma l l  compared t o  1. 
( x  - A x ) ] ,  which aga in  can be used t o  c a l c u l a t e  t h e  cor responding  
by means of Eq. ( 5 . 2 ) .  Thus @ ( x  - Ax) can now be computed from 
Eq. ( 5 . 3 ) .  This  a l s o  enables  us  t o  f i n d  2@*(x - h) s i n c e  w e  a l r e a d y  
know 
o b t a i n s  Z$ ( x i  and B ( X I  for a i l  values of x ---I.--- 
known. This  method i s  w e l l  s u i t e d  f o r  u s e  on a d i g i t a l  computer when 
Gr(x) i s  known i n  s u f f i c i e n t  d e t a i l .  
b 
and @*(x - Ax), 
2$*(x) * 




[2$ ( x  - Ax) + @*(x - h)], By r e p e a t i n g  t h i s  procedure  one 
W L 1 C J . C  G ( x >  is *, *, r 
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Another way t o  approach t h i s  problem i s  t o  neg lec t  2$*(x) i n  g ( x )  
a s  a f irst  approximation.  One t h e n  o b t a i n s  
X 
where 
By u s i n g  E q s .  (5.8), ( 5 . 2 ) ,  and (5.3) one can now determine a f i r s t  
approximation [21k1 ( x ) ]  
A second approximation [2$2*(x)] for 2$*(x) can he found b y  
* 
for t h e  ang le  of r e f r a c t  i on  2$*( x )  . 
r e p e a t i n g  t h i s  procedure .  One o b t a i n s  
( 5 . 9 )  
where 
(5 .10 )  
(5 .11 )  I 
This  i t e r a t i v e  process  can be employed u n t i l  s u f f i c i e n t  accuracy i s  
ob ta ined  f o r  2$*(x) and B*(x).  
The f u n c t i o n s  G , ( X ) ,  g ( x )  and [2$*(x) + @*(x)]  a r e  mul t iva lued  
f u n c t i o n s  of x when t h e  r a y s  c r o s s  each  o t h e r  somewhere between t h e  
r e c e i v e r  and t h e  p l a n e t a r y  ionosphere .  F igure  28 i l l u s t r a t e s  how 
[P$*(x) + B*(x) - @ (x,)] i s  ob ta ined  from i n t e g r a t i o n  a long  t h e  
branches of g(  x ) .  The po le s  i n  g ( x )  c o i n c i d e  wi th  t h e  p o l e s  i n  
Gr(x), However, t h e  
ampli tude never goes t o  i n f i n i t y  a t  c a u s t i c s  such a s  p r e d i c t s .  
(See Appendix A.  ) Thus t h e  t r u e  g a i n  GT( X )  does not have any P o l e s .  
One can t h e r e f o r e  not expect  t o  o b t a i n  an  a c c u r a t e  de t e rmina t ion  of 
[2$*(x) + B*(x) - B*(xb)] 
t r a j e c t o r y  is c r o s s i n g  one or more c a u s t i c s .  
* 
and they  l i e  where t h e  t r a j e c t o r y  c r o s s e s  c a u s t i c s .  
Gr(x) 
by s u b s t i t u t i n g  GT(x) f o r  Gr(x) when t h e  
However if t h e  d e t a i l e d  
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FIG, 28.  INTEGRATION OF EQ. (5 .6) .  
behavior  of GT(x) 
e s t i m a t e  t h e  cor responding  r a y  theo ry  g a i n  Gr(x) and the reby  improve 
t h e  accuracy .  
f requency  h igh  enough such t h a t  t h e  c a u s t i c s  w i l l  l i e  behind t h e  space -  
c r a f t  t r a j e c t o r y .  Es t imates  can be made by u s i n g  t h e  r e s u l t s  d e r i v e d  
i n  Chapters  I11 and I V . )  
i s  known around t h e  c a u s t i c s ,  one may from t h i s  
(Mul t ipa th  propagat ion  can  be avoided by choosing t h e  
The next s t e p  i n  t h e  process  of o b t a i n i n g  s2(ro) from Gr(x) 
c o n s i s t s  of f i n d i n g  2$ ( ro ) .  
from x t o  r u s i n g  Eq. ( 5 . 2 ) .  
T h i s  is done by changing t h e  v a r i a b l e  
0 
m n - l l ~ r  Pn (2.28) ?elites 29(r0) and s , (ro) .  Thus, L * I A . U I L J ,  -9. 
s ( r  ) = - 2+(ro)  d r o  2 0  c 'J ( 5 . 1 2 )  
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W e  have now seen  how s2(ro) can be deduced from t h e  r e f r a c t i o n  
g a i n  G,(x).  The f u n c t i o n  s2(ro) i s  o n l y  r e l a t e d  t o  t h a t  p a r t  of t h e  
ionosphere  through which t h e  s i g n a l  i s  p r o p a g a t i n g ;  and w e  have t h e r e -  
f o r e  e l imina ted  t h e  dependence upon t h e  p a r t i c u l a r  t y a j e c t o r y  a long  
which t h e  measurements happen t o  be made. 
The next s e c t i o n  shows t h a t  s p ( x )  or s g ( x )  a l s o  can be used t o  
The r a d i a l  d i s t r i b u t i o n  i n  e l e c t r o n  d e n s i t y  X ( r )  i n  t h a t  p a r t  of 
ob t  a i n  s2( ro) i n  t h e  high-f requency c a s e .  
t h e  ionosphere which is  probed by t h e  s i g n a l ,  can be determined from 
s2( ro) . (See  Secs .  C and D. ) 
Losses due t o  e l e c t r o n  c o l l i s i o n s  cause  a b s o r p t i o n  a t  lower f r e -  
q u e n c i e s .  This  a b s o r p t i o n  c o e f f i c i e n t  i s  p r o p o r t i o n a l  t o  t h e  product  
of c o l l i s i o n  f requency  and X [ R e f .  83. One may, by obse rv ing  t h e  
ampl i tude  a t  d i f f e r e n t  f r e q u e n c i e s ,  be a b l e  t o  de te rmine  t h e  r a d i a l  
v a r i a t i o n  i n  t h e  c o l l i s i o n  f requency  ( i f  t h e  d a t a  a r e  good enough) .  
The h ighes t  f requency  would y i e l d  
t h e  r e f r a c t i o n  g a i n  a t  t h e  lowest  f requency .  The d i f f e r e n c e  between 
t h e  observed g a i n  and t h e  computed r e f r a c t i o n  g a i n  a t  t h e  lowest f r e -  
quency y i e l d s  t h e  r a d i a l  v a r i a t i o n s  i n  t h e  s t r a i g h t - l i n e  i n t e g r a t e d  
a b s o r p t i o n  c o e f f i c i e n t .  The problem of f i n d i n g  t h e  r a d i a l  v a r i a t i o n  i n  
c o l l i s i o n  frequency i s  analogous t o  de te rmin ing  X( r )  from s z (  ro) . 
Sect  i o n s  C and D can t h e r e f o r e  be used i n  both  c a s e s .  
X ( r )  and t h i s  e n a b l e s  u s  t o  compute 
B. DETERMINATION OF THE NORMALIZED STRAIGHT-LINE INTEGRATED ELECTRON 
DENSITY s2(ro) FROM THE PHASE PATH s (x) OR THE GROUP PATH s g ( x )  
P 
The only  d i f f e r e n c e  between t h e  form of s p ( x )  and s g ( x )  is  a 
d i f f e r e n c e  i n  s i g n  i n  f r o n t  of s [ See Eqs.  (2 .20)  and (2 .23) . ]  W e  1' 
s h a l l  f i r s t  look a t  a method i n  which t h i s  s i g n  d i f f e r e n c e  i s  of no 
importance a s  f a r  a s  t h e  de t e rmina t ion  of s2(ro) goes .  W e  w i l l  u se  
s p ( x )  he re  but  t h e  method a l s o  a p p l i e s  t o  s g ( x ) .  
Equat ion ( 2.20)  g i v e s  
(5 .13 )  
3t 
where t h e  aga in  i s  used t o  emphasize t h a t  s h e r e  i s  cons ide red  a 
f u n c t i o n  of t h e  r e c e i v e r  a b s c i s s a  X. One can  n e g l e c t  s l ( x )  when t h e  
2 
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r e c e i v e r  is  f l y i n g  c l o s e  t o  t h e  p l a n e t a r y  ionosphe re .  Thus a s  a f i r s t  
approximation s ( r  ) t o  s2 ( ro ) ,  one o b t a i n s :  21 0 
s ( r ) = s ( r )  
21 0 P O  
( 5 . 1 4 )  
where t h e  r e c e i v e r  a b s c i s s a  x is  s imply r e p l a c e d  by t h e  r a d i u s  of 
c l o s e s t  approach r f o r  t h e  ray  t h a t  c r o s s e s  t h e  r e c e i v e r .  The f i r s t  
approximation i n  2q1(ro) can now be determined from Eq. ( 2 . 2 8 ) .  
0 
The f u n c t i o n  s ( r  ) may not be a s u f f i c i e n t l y  a c c u r a t e  approxi -  21 0 
mat ion  t o  s ( r  ) , but t h i s  approximat ion  can be improved by r epea ted  
u s e  of Eq. ( 5 . 1 3 ) .  For  i n s t a n c e ,  when t h e  waves can  be cons ide red  p l ane  
b e f o r e  t h e y  a r e  r e f r a c t e d  i n  t h e  p l a n e t a r y  ionosphere ,  t h i s  g i v e s :  
2 0  
( 5 . 1 5 )  
Th i s  equa t ion  i s  ob ta ined  by combining Eqs. ( 5 . 1 3 )  and ( 2 . 2 4 ) .  The t e r m  
Ls i n  Eq. ( 2 . 2 4 )  has  been neglec ted  and s o  has  t h e  d i f f e r e n c e  between 
a and r . When t h e  r e c e i v e r  t r a j e c t o r y  is  g iven  by Eq. ( 5 , 1 ) ,  one can 
show t h a t  
1 
0 
0 + Yo W1(ro) 
x =  1 t u 2q1(ro) 
Th i s  enab le s  u s  t o  de te rmine  t h e  second approximation s (r ) of 
s2( ro)  from Eq. ( 5 . 1 5 ) .  
22 0 
Higher o r d e r  c o r r e c t i o n s  t o  s ( r  ) can be found by  r e p e a t i n g  t h i s  2 0  
p rocedure .  
Another way t o  approach t h e  problem i s  t o  c o n s i d e r  t h e  s l o p e  of 
c dsp  
s p ( x ) .  For 12u T [ << 1, one can show t h a t  
* C 
2q ( x )  = - -  f dx ( 5 . 1 6 )  
* 
where 2$ (x) 
a b s c i s s a  x .  This  e q u a t i o n  can  be cons ide red  a g e n e r a l i z a t i o n  of 
Eq. ( 2 . 2 8 ) .  Once 2Q ( x )  i s  determined from Eq. ( 5 . 1 6 ) ,  one can use  
t h e  method exp la ined  i n  Sec .  VA t o  f i n d  
denotes t h e  angle  of r e f r a c t i o n  a s  a f u n c t i o n  of r e c e i v e r  
* 
s2( ro) . [Equation ( 5 . 1 6 )  does 
not  apply  t o  s g ( x ) . ]  
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Other  ways t o  de te rmine  s2( ro)  have been found dur ing  t h i s  s t u d y .  
However, they  a r e  be l i eved  t o  be of less importance and a r e  t h e r e f o r e  
not  g iven  h e r e .  
We have shown t h a t  e i t h e r  t h e  phase p a t h ,  t h e  group p a t h ,  o r  t h e  
s 2 ( r o ) .  ampli tude can be used t o  o b t a i n  
t o  make two of t h e s e  measurements s imul t aneous ly  i n  o r d e r  t o  reduce 
experimental  e r r o r s  and p o s s i b l e  u n c e r t a i n t i e s  in t roduced  by v a r i a t i o n s  
i n  t h e  medium between t h e  t r a n s m i t t e r  and t h e  p l a n e t a r y  ionosphere .  
Ambiguities can a l s o  be avoided by r e c e i v i n g  on s e v e r a l  f r equenc ie s  i n  
t h e  s p a c e c r a f t .  
However, i t  may be an advantage 
C .  DERIVATION O F  A RECURSIVE FORMULA RELATING THE NORMALIZED ELECTRON 
DENSITY DISTRIBUTION X ( r )  TO THE NORMALIZED STRAIGHT-LINE INTE- 
GRATED ELECTRON DENS ITY s2( ro) 
It was shown i n  t h e  two previous  s e c t i o n s  how G r ( X ) ’  s p ( x ) ,  01‘ 
s g ( x )  can be used t o  o b t a i n  s ( r  ) . 
w i l l  show how t o  de te rmine  t h e  normalized e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  
X ( r )  f r o m  s2 ( ro ) .  
In  t h i s  and t h e  next  sect i o n  w e  
2 0  
In t h i s  s e c t i o n  t h e  coord ina te  s y s t e m  shown i n  F i g .  29 i s  used .  
L e t  u s  cons ider  t h e  p l a n e t a r y  ionosphere b u i l t  up of K s p h e r i c a l  
l a y e r s  w i t h  c o n s t a n t  e l e c t r o n  d e n s i t y  i n  e a c h .  Equat ion ( 2 . 2 7 )  can  now 
be r e w r i t t e n  i n  t h e  fo l lowing  form:  
m -1 
( 5 . 1 7 )  
Here s is denoted s 2 ( m )  f o r  t h e  m t h  r a y  and X(n) is  t h e  normal- 
i z e d  e l e c t r o n  d e n s i t y  i n  t h e  n l a y e r .  In  F i g .  2 9 ,  -?iy(m,n) des ig -  
n a t e s  t h e  l i n e  element cor responding  t o  t h e  n l a y e r  and t h e  m r a y .  
From Eq. ( 5 . 1 7 ) ,  
2 t h  
t h  t h  
2 5 s (1) 
-37i-a- 
f 2  x ( l )  = 
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m-1 
(5 .18 )  
which provides  u s  w i t h  a r e c u r s i v e  formula r e l a t i n g  X t o  s2. 
The two-dimensional ma t r ix  Oy can be expressed  i n  terms of t h e  
r a d i i  of t h e  s p h e r i c a l  l a y e r s :  
f o r  m > n .  and 
( 5 . 2 0 )  
f o r  n = m .  
I t  t u r n s  out t h a t  t h e s e  r e s u l t s  can be extended t o  inc lude  a s p e c i a l  
c a s e  where t h e  ionosphere is not  s p h e r i c a l l y  symmetric.  Although t h i s  
c a s e  i s  not of much importance i n  t h i s  c o n t e x t ,  i t  may c l a r i f y  t h e  
i n v e r s i o n  process  and w i l l  t h e r e f o r e  be inc luded .  
Let  X be a s e p a r a b l e  func t ion  of t h e  r a d i a l  d i s t a n c e  t o  t h e  c e n t e r  
of t h e  p l ane t  r and of t h e  s o l a r  z e n i t h  ang le  X :  
x(.,x> = X l b )  A ( X )  
Using A(m,n) and A'(m,n)  t o  denote  t h e  s o l a r  z e n i t h  angles  f o r  t h e  
l i n e  elements Ay(m,n) above and below t h e  x a x i s  r e s p e c t i v e l y ,  one 
f i n d s  
Ay( m ,  m )  A( m ,  m )  
(5 .21)  
which shows t h a t  i t  i s  necessary t o  know A ( X )  i n  o r d e r  t o  f i n d  X l ( r ) .  
Another convenient method f o r  c a l c u l a t i o n  of X ( r )  from s2(ro) 
is given  i n  t h e  next  s e c t i o n .  
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D. APPLICATION OF THE ABELIAN INTEGRAL EQUATION TO THE DETERMINATION 
OF THE NORMALIZED ELFCTRON DENSITY DISTRIBUTION X ( r )  FROM THE 
NORMALIZED STRAIGHT-LINE INTEGRATED ELECTRON DENSITY s2(r0) 
Equat ion (2 .27 )  i s  a s p e c i a l  c a s e  of an i n t e g r a l  equa t ion  so lved  by 
Abel.  H i s  r e s u l t s  can be found i n  most tex tbooks  on t h e  s u b j e c t  [Ref .9] .  
Changing t h e  v a r i a b l e  of i n t e g r a t i o n  i n  Eq. (2 .27 )  g i v e s  
cn -1/2 
- C s ( r  ) =[X(r) [1 - (>r] d r  
f 2 0  
(5 .22 )  
2 
where r is  g iven  by Eq. ( 2 . 9 ) .  By us ing  1/r as a dummy v a r i a b l e  
of i n t e g r a t i o n  i n  Eq. ( 5 . 2 2 ) ,  one can o b t a i n  from comparison w i t h  Abe l ' s  
s o l u t i o n :  
4 2  2 
(>) - 11 dro} ( 5 . 2 3 )  
This  i s  t h e  formal  s o l u t i o n  t o  t h e  problem, but  it i s  not  a v e r y  
convenient  s o l u t i o n  from t h e  poin t  of view of numerical  a n a l y s i s .  It 
i s  t h e r e f o r e  t e n p t i n g  t o  t r y  t o  modify Eq. ( 5 . 2 3 ) .  One can show, a f t e r  
d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  r , t h a t  : 
This  form of t h e  in t eg rand  cannot be eva lua ted  a c c u r a t e l y  c l o s e  t o  
t h e  lower l i m i t  r .  Expanding t h e  in t eg rand  i n  t h e  i n t e r v a l  r t o  
r + Or g i v e s :  
2 c  
X ( r )  = - - - n f d r  
( 5 . 2 5 )  
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where bx should  be s m a l l  enough SO t h a t  s2(ro)  c a n  be approximated 
a c c u r a t e l y  b y  
La- << r .  
s 2 ( r )  + [ d s 2 ( r ) / d r ] ( r o  - r )  . I t  is a l s o  assumed t h a t  
The f u n c t i o n  s2(ro)  i n  t h e  in t eg rand  of Eq. ( 5 . 2 5 )  dec reases  
r a p i d l y  wi th  i n c r e a s i n g  r but ro(ro - r ) does n o t .  There- 
2 2 -3/2 
0' 
f o r e ,  i n  o r d e r  t o  c u t  down t h e  computat ion t i m e ,  one can  modify 
i n t e g r a l  i n  t h e  fo l lowing  manner. Let 
b f o r  r > r s2( r0)  = 0 0 
'b) t t i n g  up t h e  i n t e g r a t i o n  i n  t w o  new i n t e r v a l s  ( r  + ilr, 
a) g i v e s  
t h e  
and 
2 2 - 3 P  2 c  2 2 -1P r d r  + - - s ( r ) ( r  - r ) 
0 0  r r f 2  b -bo  - r ) ( 5 . 2 6 )  
and t h i s  form is  ve ry  w e l l  s u i t e d  f o r  u s e  on a d i g i t a l  computer.  
W e  have now d i scussed  procedures  which can  be used t o  o b t a i n  t h e  
normalized e l e c t r o n  d e n s i t y  p r o f i l e  X ( r )  from measurements of changes 
i n  t h e  ampl i tude ,  t h e  phase p a t h ,  o r  t h e  group p a t h  du r ing  o c c u l t a t i o n .  
Because of t h e  complexi ty  of t h e  methods and t h e  many approximations 
involved ,  i t  appears  almost imposs ib le  t o  c a r r y  out  any g e n e r a l  a n a l y s i s  
of t h e  f i n a l  errors i n  X ( r )  . However, l e t  u s  b r i e f l y  look  a t  t h e  
s i m p l e s t  c a s e  where r e f r a c t i o n  i s  n e g l i g i b l e  s o  t h a t  s2(ro)  can be 
determined d i r e c t l y  from phase-or group-path measurements. W e  w i l l  u s e  
s ( r  ) t o  denote  t h e  error i n  s 2 ( r o ) ,  and X (r) t o  denote  t h e  
corresponding error i n  X( r )  . One can show t h a t  x E ( r )  i s  g iven  by 
Eq. ( 5 . 2 6 )  when s2(ro)  i s  r ep laced  by s ( r  ) [ a n d  X ( r ) ,  by X E ( r ) ] .  
[ E r r o r s  i n  s (I- ) for. r > rb do not i n f l u e n c e  t h e  f i n a l  r e s u l t  when 
Eq. ( 5 . 2 6 )  is  used i n  t h e  i n v e r s i o n  p r o c e s s . ]  Equat ion ( 5 . 2 6 )  can be 
s i m p l i f i e d  when s ( r  ) c a n  be cons ide red  a s  va ry ing  r a p i d l y  around 
z e r o  s o  t h a t  
2E o E 
2E o 
2 0  0 
2E o 
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-312 
r d r  2 
0 0  n f  - s 2 E  ( r  0 )bo - ) 
may be neg lec t ed .  One then  ob ta ins  for t h e  a b s o l u t e  e r r o r  i n  X ( r ) :  
showing t h a t  t h e  e r r o r  i n  X a t  r i n  t h i s  c a s e  only  depends on 
s (r) around r .  In  o r d e r  t o  determine t h e  s t a n d a r d  d e v i a t i o n  i n  
X E ( r ) ,  
2E 
it  would be necessary  t o  assume a p r o b a b i l i t y  d i s t r i b u t i o n  f o r  
s ( r )  and d s  ( r ) / d r .  
2E 2E 
The exper imenta l  e r r o r s  may be t h e  l a r g e s t  e r r o r s ,  but w e  a l s o  l i k e  
t o  check t h e  approximations w e  have developed.  A complete numerical  
example i s  t h e r e f o r e  worked out i n  t h e  next  s e c t i o n .  This  example may 
a l s o  c l a r i f y  some of t h e  previous d e r i v a t i o n s .  
E .  NUMERIC EXAMPLE 
A numeric example was g iven  i n  Sec.  IVD, where it  was shown how 
ampli tude and phase may vary dur ing  an o c c u l t a t i o n .  In  p a r t i c u l a r ,  
F i g .  21  shows G r ( X  - RP) f o r  t r a j e c t o r y  1. 
W e  w i l l  now u s e ,  a s  an example, t h e  g a i n  shown i n  F ig .  21 and from 
t h i s  t r y  t o  de te rmine  t h e  corresponding e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  
i n  t h e  Mart ian ionosphere .  I n  doing s o ,  w e  w i l l  make use  of t h e  r e s u l t s  
developed i n  Secs .  VA and VD. 
Equat ion ( 5 . 9 )  and Fig .  21  can be used t o  determine g , (x ) .  W e  
n o t e  t h a t  1 / D  and p i n  Eqs. ( 5 . 9 )  and ( 5 . 8 )  a r e  both  z e r o  i n  t h i s  
example because i n  Sec.  I V D  w e  neglec ted  t h e  c u r v a t u r e  of t h e  wavefronts  
b e f o r e  r e f r a c t i o n  i n  t h e  Martian ionosphere .  (The q u a n t i t i e s  D and 
@ a r e  de f ined  i n  F ig .  5.)  The r e s u l t  of computing g,(x) i s  shown i n  
F i g .  30 where x - R i s  t h e  r e c e i v e r  m i s s  d i s t a n c e  a s  viewed from t h e  
e a r t h  . 
P 
I n t e g r a t i o n  of Eq. ( 5 . 8 ) ,  w h e r e  g , (x)  i s  t aken  from F i g .  30, g ives  
2q1*(x) a s  shown i n  F ig .  31. 
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F I G .  30. THE FUNCTION g ( x - R  ) FOR TRAJECTORY 1. 
P 
RECEIVER M I S S  DISTANCE ( x  - R P )  ( k m )  
FIG. 31.  THE FUNCTION 2$ * ( x - R  ) FOR TRAJECTORY 1. 
P 
SEL-64-025 - 60 - 
This  procedure can now be r epea ted .  By us ing  Eqs. (5 .11)  and (5 .10 )  , * 
w e  o b t a i n  g 2 ( x )  and 2q2 ( x )  . The r e s u l t  i s  shown i n  F igs .  30 and 31.  
* * 
Neglec t ing  t h e  d i f f e r e n c e  between 2q2 (x) and 2q (x), w e  can now 
determine 2$( ro) by means of Eq. ( 5 . 2 ) .  The r e s u l t  of t h i s  n o n l i n e a r  
s c a l e  t r a n s f o r m a t i o n  i s  shown i n  F ig .  32. 
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FIG. 32. THE FUNCTION 2 q  ( ro -R  ) AT 50 M c  FOR A 
MARTIAN IONOSPHERE. P 
The next s t e p  c o n s i s t s  of de t e rmina t ion  of s2(ro) .  By us ing  Eq. 
( 5 . 1 2 ) ,  one o b t a i n s  t h e  r e s u l t  shown i n  F ig .  33. 
F i n a l l y ,  Eq. (5 .26 )  g ives  t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  t h a t  i s  
caus ing  t h e  g a i n  f l u c t u a t i o n s  i n  F ig .  21.  The c a l c u l a t e d  p o i n t s  a r e  
p l o t t e d  i n  F ig .  34,  t o g e t h e r  with a curve  r e p r e s e n t i n g  t h e  Chapman model 
o r i g i n a l l y  assumed i n  Sec.  IVD ( F i g .  1 9 ) .  The agreement between t h e  
assumed and t h e  c a l c u l a t e d  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i s  good i n  
s p i t  e of t h e  many approximat ions  involved .  
Looking a t  both Secs.  IVD and VE, w e  see t h a t  w e  have ended where w e  
s t a r t e d ,  namely w i t h  t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n .  When t h e  d a t a  
from an o c c u l t a t i o n  experimeni ijecoiiie availnblz, it mziy be 1~sefi-11 t o  
check t h e  r e s u l t  w i t h  a s i m i l a r  loop: 
1. Use t h e  d a t a  t o  determine t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n ,  t h e n  
2. U s e  t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  and c a l c u l a t e  t h e  q u a n t i t i e s  
t h a t  were measured dur ing  t h e  o c c u l t a t i o n .  
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Note t h a t  t h e  l as t  s t e p  can e a s i l y  be c a r r i e d  beyond t h e  f i r s t - o r d e r  
approximation (high-frequency approximat i o n ) ,  wh i l e  t h e  f i r s t  s t e p  
- canno t .  
RAYPATH M I S S  DISTANCE ( rn  - R P )  ( k m )  
F I G .  33. THE FUNCTION s 2 ( r o - R  ) A T  50 M c  
MARTIAN IONOSPHEFtE. P 
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F. OTHF,R ALTERNATIVES 
I n  t h e  p rev ious  s e c t i o n s  w e  have seen  some methods t h a t  can be used 
t o  de te rmine  t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  from measurement of 
ampl i tude ,  phase p a t h ,  or group pa th .  However, t h e  methods a r e  
l a b o r i o u s ,  and it may t u r n  out t h a t  t h e  d a t a ,  when a v a i l a b l e  r e a l l y  
w i l l  not q u a l i f y  for t h i s  t ype  of procedure.  In  o t h e r  words,  it may 
be t h a t  t h e  u n c e r t a i n t i e s  w i l l  be so l a r g e  t h a t ,  even a f t e r  c a r e f u l  
smoothing, t h e  d a t a  may y i e l d  an u n r e a l i s t i c  e l e c t r o n  d e n s i t y  d i s t r i b u -  
t i o n .  In t h i s  c a s e  it may be b e t t e r  t o  determine c h a r a c t e r i s t i c  
p r o p e r t i e s  of t h e  ionosphere  by comparing t h e  d a t a  w i t h  t h e  r e s u l t s  
ob ta ined  i n  Chapter  I11 or Chapter I V .  From t h i s  it may be p o s s i b l e ,  
f o r  i n s t a n c e ,  t o  determine upper and lower l i m i t s  f o r  t h e  parameters  of 
a Chapman-model ionosphere t h a t  w i l l  y i e l d  ampl i tude ,  phase p a t h ,  or 
group pa th  i n  agreement w i t h  t h e  measurements. 
Faraday r o t a t i o n  is  another  q u a n t i t y  t h a t  can be measured a s  
mentioned i n  t h e  i n t r o d u c t i o n  t o  Chapter  11. One can show, when t h e  
q u a s i - l o n g i t u d i n a l  approximation a p p l i e s ,  t h a t  t h e  Faraday r o t  a t  i o n  i s  
p r o p o r t i o n a l  t o  t h e  i n t e g r a l  along t h e  r aypa th  of X t i m e s  t h e  long i -  
t u d i n a l  component of t h e  magnetic f i e l d  [Ref .  l o ] .  This  y i e l d s  a means 
of exp lo r ing  t h e  p l a n e t a r y  magnetic f i e l d  . However, assuming t h a t  t h e  
magnet ic  f i e l d  around t h e  p l ane t  may be cons ide red  a d i p o l e  f i e l d ,  one 
may a l s o  use t h e  Faraday r o t a t i o n  t o  check or improve 
phase o r  ampli tude.  The d i p o l e  f i e l d  is  uniquely  s p e c i f i e d  by t h r e e  
numbers ( two ang le s  and t h e  d ipo le  moment), and t h e  rest of t h e  informa- 
t i o n  conta ined  i n  t h e  Faraday r o t a t i o n  vs  m i s s  d i s t a n c e  curve  i s  t h e r e -  
f o r e  on X ( r ) .  
X ( r )  found from 
So f a r  w e  have s t u d i e d  radio-wave p ropaga t ion  through p l a n e t a r y  
atmospheres and ionospheres .  It is  a l s o  necessa ry  t o  cons ide r  t h e  
waves r e f l e c t e d  from t h e  s u r f a c e  of t h e  p l a n e t .  The next c h a p t e r  w i l l  
a e a i  w i t h  t h i s  pi-obleiii. 
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VI. REFLECTION OF RADIO WAVES FROM PLANETARY SURFACES 
Sect ion  IVD shows how ampli tude and phase may vary  f o r  a s i g n a l  
propagat ing  through a Mart ian ionosphere ;  however, waves w i l l  a l s o  be 
r e f l e c t e d  from t h e  s u r f a c e  of Mars. Let  u s  t h e r e f o r e ,  i n  o rde r  t o  
complete t h e  example i n  Sec.  IVD,  b r i e f l y  cons ide r  t h e  r e f l e c t e d  s i g n a l .  
F igure  35 shows t h e  r a y  p i c t u r e  around t h e  l imb of Mars, assuming a 
smooth s u r f a c e .  It i s  c l e a r  from t h i s  p i c t u r e  t h a t  t h e  i n t e n s i t y  of 
t h e  r e f l e c t e d  s i g n a l  w i l l  be way below t h e  i n t e n s i t y  of t h e  d i r e c t  
propagat ing s i g n a l  bo th  a long  t r a j e c t o r y  1 and a long  t r a j e c t o r y  2 .  
(See  F i g .  18.) 
t r a v e l i n g  wave from t h e  wave r e f l e c t e d  from t h e  s u r f a c e .  
l i m i n a r y  conclus ion  is based on t h e  s imple  model used i n  F i g .  35. How- 
e v e r ,  a more d e t a i l e d  s t u d y  i n  t h e  next s e c t i o n s  w i l l  show e s s e n t i a l l y  
t h e  same r e s u l t .  
It t h e r e f o r e  appears  e a s y  t o  d i s t i n g u i s h  t h e  d i r e c t  




FIG. 35. REFLECTION FROM A SMOOTH, PERFECTLY REFLECTING PLANETARY 
SURFACE. 
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A. APPLICATION OF HUYGENS-KIRCHHOFF PRINCIPLE 
The ba lance  of t h i s  chap te r  cons iders  r a d i o  waves t r a n s m i t t e d  from 
t h e  e a r t h  and r e f l e c t e d  from a rough p l a n e t a r y  s u r f a c e .  A r e c e i v e r  i s  
f l y i n g  by t h e  p l a n e t .  The p l ane ta ry  s u r f a c e  i s  moving r e l a t i v e  t o  t h e  
r e c e i v e r ,  and t h i s  motion w i l l  impose a phase modulat ion on t h e  re- 
f lect  ed s i g n a l  . 
Many a u t h o r s  have s t u d i e d  radio-wave r e f l e c t i o n s  from t h e  moon and 
p l a n e t s  f o r  t h e  monos ta t ic  c a s e  i n  which both  t r a n s m i t t e r  and r e c e i v e r  
a r e  s i t u a t e d  on t h e  e a r t h  [Ref s .  11, 12 ,  131. Here w e  w i l l  ex tend  some 
of t h i s  work f o r  u se  i n  t h e  case  where t h e  t r a n s m i t t e r  i s  on t h e  e a r t h  
and t h e  r e c e i v e r  i s  i n  a s p a c e c r a f t  f l y i n g  by t h e  p l ane t  ( b i s t a t i c  
r a d a r ) .  The geometry a t  t i m e  t is  i l l u s t r a t e d  i n  F ig .  36. The 
w Rp I I 
SURFACE 
... ..r- - ~ ^ . .  
W A V t 3  TKUM 
T H E  EARTH 
FIG. 36. GEOMETRY OF THE PROPAGATION PATH AT 
TIME t .  
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5 T) < -coord ina te  s y s t e m  i s  chosen w i t h  t h e  o r i g i n  i n  t h e  c e n t e r  of t h e  
first Fresne l  zone and both  t h e  
t o  t h e  mean p l a n e t a r y  s u r f a c e .  The 5 11 < - coord ina te  s y s t e m  i s  moving 
r e l a t i v e  t o  t h e  s u r f a c e  such t h a t  i ts  o r i g i n  always remains i n  t h e  
c e n t e r  of t h e  f i r s t  F re sne l  zone. W e  a l s o  need a c o o r d i n a t e  s y s t e m  
t h a t  i s  f i x e d  t o  t h e  s u r f a c e .  L e t  us  c a l l  i t s  axes 5 ,  7 ,  and <. 
The l a s t  coo rd ina te  s y s t e m  c o i n c i d e s  w i t h  t h e  5 7 < -coord ina te  s y s t e m  
at t i m e  t a s  shown i n  F ig .  36. 
0 0 0  
and t h e  To axes a r e  t a n g e n t i a l  
60 
0 0 0  
0 0 0  
W e  w i l l  apply  t h e  Huygens-Kirchhoff p r i n c i p l e  i n  o r d e r  t o  t r y  t o  
r e l a t e  t h e  s t a t i s t i c s  of t h e  r e f l e c t e d  s i g n a l  t o  t h e  s t a t i s t i c s  of t h e  
p l a n e t a r y  s u r f a c e .  In  o r d e r  t o  do t h a t ,  w e  need an expres s ion  for t h e  
phase of t h e  s i g n a l  r e f l e c t e d  from a po in t  on t h e  p l a n e t a r y  s u r f a c e .  
F igure  37 shows a poin t  (Eo, To, C0) on t h e  mean p l a n e t a r y  s u r f a c e .  
The r e f l e c t i o n  t a k e s  p l a c e  on t h e  s u r f a c e  a t  a d i s t a n c e  h(EO, T), t )  
below t h e  mean s u r f a c e .  It is necessa ry  t o  make approximations i n  t h e  
expres s ion  f o r  t h e  phase p a t h .  Assuming t h a t  h(EO, To, t )  i s  sma l l  
compared t o  t h e  o t h e r  dimensions involved ,  one o b t a i n s  f o r  t h e  phase 
p a t h  between t h e  t r a n s m i t t e r ,  t h e  r e f l e c t i o n  p o i n t ,  and t h e  r e c e i v e r ,  
2 
cos  e 2 COS e 2 
0 0 
cos  e 
R k (d  + d t )  = k[dor + dot + *( + + 
dot P 
r or 
S EL-64 -02 5 
+ 2 h cos  eC 
2 cos  eo 
R + -  l +  
or dot  P 
MEAN PLANETARY 
SURFACE 
F I G .  37. CROSS SECTION OF SURFACE FmTURE. 
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where k i s  t h e  f r ee - space  wave number, R is  t h e  mean p l a n e t a r y  
r a d i u s ,  E is t h e  ang le  of incidence a t  t h e  o r i g i n ,  and and 
P 
0 
a r e  t h e  d i s t a n c e s  between t h e  o r i g i n ,  t h e  r e c e i v e r ,  and t h e  t r a n s -  
do t  
m i t t e r ,  r e s p e c t i v e l y ,  Only t h e  f i r s t - o r d e r  terms a r e  maintained i n  
E q .  ( 6 . 1 ) .  W e  have a l s o  neg lec t ed  t h e  e f f e c t  of t h e  ionosphere because 
t h i s  on ly  causes  a c o n s t a n t  phase s h i f t  when t h e  ionosphe r i c  c o n t r i b u -  
t i o n  is  independent of t h e  p o s i t i o n  on t h e  s u r f a c e  where t h e  r e f l e c t i o n  
t a k e s  p l a c e .  
Let Et 
be t h e  ampli tude a t  u n i t  d i s t a n c e  of t h e  e l ec t r i c  f i e l d  
of t h e  t r a n s m i t t e r .  The Huygens-Kirchhoff p r i n c i p l e  t h e n  g i v e s  f o r  t h e  
ampli tude of t h e  r e f l e c t e d  wave a t  t h e  receiver:  
( 6 . 2 )  
E r ( t )  = ?/Iexp { i [ z t  - k(dt + d ) ] : ( c o s  E + c o s  2 ) - dS 
dtdr r t 
where E t  and E r  a r e  t h e  angles  t h a t  t h e  normal t o  t h e  s u r f a c e  
element dS makes w i t h  dt  and d r e s p e c t i v e l y .  The Huygens- r '  
Kirchhoff p r i n c i p l e  a p p l i e s  when t h e  s u r f a c e  does not have any roughness 
s c a l e  comparable t o  t h e  wavelength.  
Equation 
d i s t a n c e  and 
t r i b u t  i n g  t o  
ikE 
( 6 . 2 )  can be s i m p l i f i e d  by n e g l e c t i n g  t h e  v a r i a t i o n  i n  t h e  
o b l i q u i t y  f a c t o r s  over t h e  r e g i o n  of t h e  s u r f a c e  con- 
t h e  r e f l e c t e d  s i g n a l .  This  s i m p l i f i c a t i o n  g i v e s  
m i =  
E r ( t )  = t 'Os exp { i [ w t  - k(dt  + d r ) ] )  dSo dy0 
2fidordoti.c - ( 6 . 3 )  
where t h e  l i m i t s  i n  t h e  i n t e g r a t i o n  have been set e q u a l  t o  +m. This  
i s  v a l i d  when a l a r g e  number of complete F r e s n e l  zones t a k e  par t  i n  
t h e  r e r a d i a t i o n  from t h e  s u r f a c e .  ( T h i s  approximation i s  not v a l i d  
when t h e  f i r s t  F re sne l  zones approach t h e  shadowed p a r t  of t h e  
s u r f a c e .  ) 
W e  w i l l  d e f i n e  t h e  t i m e  a u t o c o r r e l a t i o n  f u n c t i o n  R( 1 )  of E r ( t )  
i n  terms of an ensemble average:  
R ( T )  = - E ( t )  E ( t  + 7 ) )  
Z 0 ( r "  r ( 6 . 4 )  
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where z i s  t h e  f r e e - s p a c e  wave impedance. The dimension of R ( T )  
i s  power per u n i t  a r e a .  
0 
W e  can now combine Eqs. ( 6 . 3 )  and ( 6 . 4 ) ,  which g i v e s  
soosoo  
R ( T )  = I( 
kEt 'Os 
0 2ndordot 
( / J  exp ( i t - u t  + k ( d  t + d,)]) dko dvo 
4 4  
exp { i [ w t  + u'c - k ( d t t  + d I) ] ]  dEO' dvO' ( 6 . 5 )  r 
4 4  
Note h e r e  t h a t  t h e  l a s t  double  i n t e g r a l  i s  not e q u a l  t o  t h e  f i r s t  double 
i n t e g r a l  s i n c e  t h e  c o o r d i n a t e  s y s t e m  used for t h e  i n t e g r a t i o n  has  moved 
d u r i n g  t h e  t i m e  T . 
For t h e  phase p a t h  i n  t h e  l a s t  i n t e g r a l  one can show t h a t  
2 COS eo 
R 




+ 2h '  cos  k 1 . . J 
9 
and 
dot and d denote  t h e  t i m e  r a t e  of change of dot or where 
r e s p e c t i v e l y .  
Combining Eq. ( 6 . 5 )  and Eq. ( 6 . 6 ) ,  one o b t a i n s :  
kE cos eo 
R ( T )  zL( z 0 2nd or d o t  f exp { i [ w T  - k ( i o r  + d o t  
4 - 0 3 - 3 3 4  
2 
0 COS e 0 2 COS e o )  C O S  e 1 
2 
R k0 - E o '  1 + 
dot  P 
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2  COS^, 
R 
i E L L  + - l +  
dot P 
' [ 2 {  dor 
where 
h = h ( 5  o) To! t >  
The next s t e p  i n  t h i s  development c o n s i s t s  of changing dummy 
v a r i a b l e s  of i n t e g r a t i o n .  To be more s p e c i f i c ,  what w e  want t o  do i s  t o  
i n t e g r a t e  i n  a c o o r d i n a t e  s y s t e m  t h a t  i s  f i x e d  t o  t h e  s u r f a c e  i n s t e a d  
of moving a long  w i t h  t h e  F r e s n e l  zone p a t t e r n ,  such  as  our p r e s e n t  
c o o r d i n a t e  s y s t e m  does.  W e  have a l r e a d y  d e f i n e d  a u s e f u l  c o o r d i n a t e  
s y s t e m  f o r  t h i s  purpose i n  F i g .  36. T h i s  was t h e  Eve-coordinate system 
which c o i n c i d e s  w i t h  t h e  s u b s c r i p t e d  c o o r d i n a t e  s y s t e m  
a t  t i m e  t (see Fig.  36)) but i s  f i x e d  on t h e  s u r f a c e .  
( !o~oco System)  
Let v and v be t h e  v e l o c i t y  w i t h  which t h e  c e n t e r  of t h e  
E 7 
f i r s t  F r e s n e l  zone i s  moving over t h e  s u r f a c e  i n  the 5 and 7 
d i r e c t i o n s ,  r e s p e c t i v e l y .  Then w e  have a t  t i m e  t ,  
5 = 5 ,  7 = V o  
and a t  t i m e  ( t  + T ) ,  
T l ' = v T + q '  5 0 7 0 5 '  = v T + E 
If w e  a l s o  i n t r o d u c e  At = E '  - and AT = 7 '  - 7 ,  
w e  can  u s e  5 ,  7 ,  AS, and AT as dummy v a r i a b l e s  of i n t e g r a t i o n .  
Th i s  g i v e s  
ET 
6,' = E + - 
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( 6 . 9 )  
and h - h '  = h ( E , 7 )  - h(E + A € ,  7 + A7) (6 .10 )  
W e  w i l l  now assume t h a t  h has  a gauss i an  j o i n t - p r o b a b i l i t y  d e n s i t y  
f u n c t i o n .  This  g i v e s  
4k2 2 cos20 [1-p(- -- a7 5 )I) 
0 
(exp [ i 2 k  cos  0 ( h  - h')]) = exp ( -  
0 
( 6 . 1 1 )  
(The l e f t  s i d e  can be cons ide red  t h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  of 
t h e  gauss ian  random v a r i a b l e s  h and h ' .  Expressions f o r  t h e  j o i n t  
c h a r a c t e r i s t i c  f u n c t i o n  of gauss i an  random v a r i a b l e s  can be found i n  
most tex tbooks  on t h e  s u b j e c t . )  
7 - In  Eq. ( 6 . 1 1 ) ,  h2 denotes  t h e  mean squa re  he ight  and p( AE +a7 ) 
is  t h e  normalized a u t o c o r r e l a t i o n  f u n c t i o n  f o r  h .  The mean of h is 
z e r o  s i n c e  w e  have chosen t h e  mean p l a n e t a r y  s u r f a c e  w i t h  r a d i u s  R 
a s  t h e  r e f e r e n c e  l e v e l .  
P 
W e  can now combine Eqs. ( 6 . 7 ) ,  ( 6 . 8 ) ,  ( 6 . 9 ) ,  and ( 6 . 1 1 ) ,  which 
g i v e s  : 
kE cos  8 
R ( T )  iL( or exp ( i [ w  - k ( i o t  + ior)]T) 
0 2rrdordot 
J 
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2 COS 2 e 2 COS eo 
0 0 
R r e x p  [ik('O; e + -+ 
4x2  or dot  P 
(6 .12 )  
The i n t e g r a t i o n s  i n  E and 7 y i e l d  6 f u n c t i o n s .  A f t e r  i n t e -  
g r a t i o n  a l s o  w i t h  r e s p e c t  t o  A[ and a, one f i n d s  
2 - 5  2 




5 7  
(6 .13 )  
( 6 . 1 4 )  
COS e 
0 
2 cos eo 
+ -  
R 0 + -  O + 8) (-& l +  
or P or dot  P 
d 
Equat ion (6.13) shows t h a t  by measuring R ( T )  w e  can de te rmine  
p(v'C) i f  t h e  rest of t h e  parameters  a r e  known. - 
We see t h a t  h2 = 0 g i v e s  a doppler  s h i f t  of t h e  r e f l e c t e d  s i g n a l  
but  no f requency  broadening.  However, w e  a r e  not  i n t e r e s t e d  i n  smooth 
s p h e r e s  but i n  rough p l a n e t s .  For h2 >> ?i2 one has  t h e  s i t u a t i o n  
i l l u s t r a t e d  i n  F ig .  38, where i t  is assumed t h a t  t h e  d e r i v a t i v e  of 
p(v'C) e x i s t s  f o r  v'C = 0, and t h a t  for sma l l  ( ~ 7 ) :  
- 
( 6 . 1 6 )  
R ( T )  = R ( O )  exp {i[w - k (ior + A ot )IT} exp[ -  4k 2 7  h cos2e0(  F)2 1 
(6 .17 )  
- 71 - SEL-64-025 
D I  FFERENT P (  v r )  
THE SAME R(r) 
I 
0 
v r  
G I V I N G  
F I G .  38. SURFACE AND S I G N A L  AUTOCORRELATION FUNCTIONS.  
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In  t h i s  c a s e  w e  see t h a t  it r e a l l y  does not make any d i f f e r e n c e  what 
shape p ( V . )  
The reason  is  t h a t  t h e  f a c t o r  ( 4 k  h2 cos280) has such a l a r g e  va lue  
t h a t  R ( T )  f o r  p r a c t i c a l  purposes i s  z e r o ,  u n l e s s  p ( m )  i s  v e r y  
c l o s e  t o  1. +(vT) 
from R ( T )  f o r  smal l  va lues  of t h e  argument, and t h i s  may not be enough 
t o  draw conclus ions  about surface-roughness  components w i th  l a r g e r  
s c a l e s .  
has  f a r  away from t h e  o r i g i n  a s  long  a s  it is  less t h a n  1. 
2 -  
Under t h e s e  cond i t ions  w e  can on ly  hope t o  de te rmine  
B. SPECTRAL BROADENING OF THE REFLECTED SIGNAL 
Equation ( 6 . 1 7 )  g i v e s ,  f o r  t he  power s p e c t r a l  d e n s i t y  of t h e  re- 
f l e c t e d  s i g n a l ,  
where 
+ i  ) f c  = E - T; (dot w 1 '  or 
= c e n t e r  f requency i n  t h e  spectrum of t h e  r e f l e c t e d  s i g n a l  
c = f r ee - space  phase v e l o c i t y  
A = f r ee - space  wavelength a t  t h e  c e n t e r  f requency 
L = h o r i z o n t a l  s c a l e  parameter f o r  t h e  s u r f a c e  i r r e g u l a r i t i e s  
6 = ang le  of inc idence  at  t h e  c e n t e r  of t h e  f i r s t  F re sne l  zone 
0 
v = t h e  v e l o c i t y  wi th  which t h e  c e n t e r  of t h e  f i r s t  F re sne l  zone 
i s  moving ac ross  t h e  p l a n e t a r y  s u r f a c e .  - 
The power spectrum t a k e s  on o the r  shapes for o t h e r  va lues  of 
For h2 equa l  t o  z e r o ,  t h e  spectrum becomes a 6 f u n c t i o n ;  and f o r  
i n t e r m e d i a t e  va lues  of h2, one can f i n d  an expansion f o r  t h e  spectrum 
c o n t a i n i n g  a 6 f u n c t i o n  p l u s  an i n f i n i t e  series [Ref .  141. The power 
a s s o c i a t e d  w i t h  t h e  6 f u n c t i o n  has been assumed n e g l i g i b l e  i n  Eq. ( 6 . 1 8 ) .  
h2.  - 
- 
F i n a l l y  w e  o b t a i n  t h e  r m s  bandwidth of t h e  spectrum from J3q. ( 6 . 1 8 ) :  
2af = 4 m  f C  
v cos  9, 
CL 
( 6 . 1 9 )  
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The r m s  bandwidth of t h e  r e f l e c t e d  s i g n a l  can a l s o  be found d i r e c t l y  
from EQ. (6 .13)  without  f i r s t  assuming t h a t  h2 >> A 2 ,  and t h a t  p(vT) 
f o r  sma l l  arguments i s  g iven  by Eq. ( 6 . 1 6 ) .  
i n i t i a l  s lope  of p(vT) is z e r o ,  one o b t a i n s :  
Assuming a g a i n  t h a t  t h e  
4~ COS e 
2@.f = f ,  
C 
x= 0 
(6 .20 )  
C.  THE RADAR CROSS SECTION ( cr) OF THE PLANET 
The average r e f l e c t e d  power pe r  u n i t  a r e a  a t  t h e  s p a c e c r a f t  i s  R( 0) , 
g iven  by E q .  ( 6 . 1 5 ) .  S ince  l/dot i s  n e g l i g i b l e  compared t o  
and 2/Rp, w e  have 
cos  e 
R ( 0 )  =q;j 0 
(cos eo + %)k + or 
2d P cos e o )  
Z 
0 
( 6 . 2 1 )  
of t h e  
cr 
ur W e  can now r e l a t e  R ( 0 )  t o  t h e  r a d a r  c r o s s  s e c t i o n  
p l a n e t .  Here t h e  r a d a r  c r o s s  s e c t i o n  w i l l  be d e f i n e d  so  t h a t  
t i m e s  i nc iden t  power per  u n i t  a r e a  on t h e  p l a n e t  g i v e s  a power which,  
if s c a t t e r e d  i s o t r o p i c a l l y ,  would g i v e  t h e  t i m e  average power p e r  u n i t  
a r e a  R ( 0 )  r e f l e c t e d  t o  t h e  r e c e i v e r .  Thus 
( 6 . 2 2 )  
where r is t h e  d i s t a n c e  between t h e  s p a c e c r a f t  and t h e  p l a n e t ‘ s  
c e n t e r .  Figure 39 shows how t h e  normalized r a d a r  c r o s s  s e c t i o n  v a r i e s  
S 
w i t h  r s / R p  and eo. The l i m i t i n g  c a s e s  r s / R p  = 1 and r s / R p  = M 
correspond t o  r e f l e c t i o n  from a p l a n e  and a d i s t a n t  s p h e r e ,  r e s p e c t i v e l y .  
F igure  40 shows t h e  same r e s u l t  a s  a f u n c t i o n  of a ,  which h e r e  i s  t h e  
ang le  between t h e  t r a n s m i t t e r  and t h e  r e c e i v e r  a s  viewed f r o m  t h e  
c e n t e r  of t h e  p l a n e t .  
It i s  of i n t e r e s t  t o  check t h e  r e s u l t s  d e r i v e d  h e r e  by i n t r o d u c i n g  
and comparing it w i t h  t h e  e x p r e s s i o n s  one can  d e r i v e  f o r  a 
- 
h2 = 0 
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F I G .  39. RADAR CORSS SECTION O F  THE PLANET VS 
rs/Rp AND eo. 
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3 - 5  t 
r S / R p  = I .  I 
2.5 
rs/Rp = 1.5 \ 
\ 
1- rs/Rp = 2 .0  \ 
rs/Rp = I O  \ 
I .o 
a 
r s  = r a d i u s  v e c t o r  o f  s p a c e  r e c e i v e r  
Rp = p l a n e t a r y  r a d i u s  
a = a n g l e  b e t w e e n  t h e  e a r t h  a n d  t h e  
s p a c e  r e c e i v e r  a s  v i e w e d  from 
t h e  c e n t e r  o f  t h e  p l a n e t  
FIG. 40. RADAR CROSS SECTION OF THE PLANET VS r s / R  AND a .  
P 
- 
smooth conduct ing s p h e r e .  
a t  a l l ,  a t  l e a s t  not t o  t h e  degree  of approximation used h e r e .  This  
l a c k  of dependence must mean t h a t  t h e  
for a smooth conduct ing s p h e r e .  Comparison w i t h  e x p r e s s i o n s  o b t a i n e d  
e a r l i e r  for  t h i s  c a s e  shows t h a t  t h i s  i s  indeed  t r u e  [ R e f .  151.  
W e  n o t i c e  t h e  cr does not  depend on h2 
d e r i v e d  h e r e  is  t h e  same a s  
ur 
W e  assumed t h a t  t h e  e n t i r e  s u r f a c e  was i l l u m i n a t e d  when w e  a p p l i e d  
t h e  Huygens-Kirchhoff p r i n c i p l e .  This  assumption i s  no l o n g e r  t r u e  f o r  
l a r g e  8 because p a r t  of t h e  s u r f a c e  w i l l  t h e n  l i e  i n  t h e  shade  of 
h i l l s  and mountains. This  shadowing w i l l  t e n d  t o  r e d u c e  ur f o r  l a r g e  
v a l u e s  of 
0 
@ O  * 
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So f a r  w e  have assumed t h a t  t he  s u r f a c e  i s  a p e r f e c t  r e f l e c t o r .  It 
i s  necessa ry  t o  m u l t i p l y  t h e  r ada r  c r o s s  s e c t i o n  found above w i t h  t h e  
power r e f l e c t i o n  c o e f f i c i e n t  when on ly  p a r t  of t h e  power i s  r e f l e c t e d .  
D. NUMERIC EXAMPLE 
A numeric example may be h e l p f u l  i n  o r d e r  t o  unders tand  t h e  problem 
b e t t e r .  F igure  41  shows t h e  hyperbol ic  t r a j e c t o r y  f o r  a s p a c e c r a f t  
f l y i n g  by Venus. 
IO. 7 km/s / VENUS 
4 P O S I T I O N  11 
T H I S  TRAJECTORY CORRESPONDS TO 
A VELOCITY OF 5 . 5  km/sec AT I N F I N I T Y  
t 
INCOMING WAVES 
FIG. 41. ASSUMED FLY-BY TRAJECTORY , 
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W e  s h a l l  f irst  compare t h e  power r ece ived  from t h e  r e f l e c t e d  wave 
and t h e  d i r e c t  t r a v e l i n g  wave. 
e a r t h  ( P  ) is  g iven  by 





p = -  g -  d 4n T ,2 (6 2 3 )  
where Pt = t r a n s m i t t e d  power 
= t r a n s m i t t e r  g a i n  toward Venus gT 
A = r e c e i v i n g  a p e r t u r e  d i r e c t e d  toward t h e  e a r t h  
D = d i s t a n c e  between Venus and t h e  e a r t h .  
w e  have : 
r d  
For t h e  power r ece ived  from Venus ( Pr)  , 
u A  r rr 
-- Pt p = -  
r 4 n  g~ D2 4nr 2 
S 
(6.24) 
where A = r e c e i v i n g  a p e r t u r e  toward Venus rr 
r = d i s t a n c e  between t h e  s p a c e c r a f t  and t h e  c e n t e r  of Venus 
ur = t h e  r a d a r  c r o s s  s e c t i o n  of Venus a s  viewed from t h e  
S 
s p a c e c r a f t .  A power r e f l e c t i o n  c o e f f i c i e n t  of 0.1 w i l l  be 
used f o r  t h e  s u r f a c e  on Venus. 
Assuming t h a t  A = Ard, w e  f i n d  rr 




A t  p o s i t i o n s  I and I 1  i n  F ig .  41, t h i s  g i v e s  
P -25.4 db ( p o s i t i o n  I) 
'd -17.0 db ( p o s i t  i o n  11) 
10 l o g  2 = [ 
W e  see t h a t  t h e  t o t a l  power r e f l e c t e d  from t h e  p l a n e t  i s  way below t h e  
power i n  t h e  d i r e c t  s i g n a l  even though t h e  r e c e i v e r  is pass ing  by c l o s e  
t o  t h e  s u r f  ace on Venus. 
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The s p e c t r a  a r e  computed from Eq. (6 .18 )  and shown i n  F ig .  42. It 
has  been assumed h e r e  t h a t  t h e  waves from t h e  e a r t h  have a f requency  of 
50 Mc i n  t h e  Venus frame and a / L  has  been set e q u a l  t o  1/10. 
It is necessa ry  t o  s p e c i f y  some more of t h e  parameters  involved 
b e f o r e  w e  can estimate t h e  s igna l - to -no i se  r a t i o  f o r  t h e  r e f l e c t e d  wave. 
ht 
P = 400 kw 
gT = 360 
= 1 .4  gr 
D = 6.10 meters. 
t 
10 
These va lues  g ive ,  f o r  t h e  average r e f l e c t e d  power r ece ived  a t  t h e  
s p a c e c r a f t ,  
-16 
0 .366-10  W ( p o s i t i o n  I )  
2.594 * W ( p o s i t  i o n  11) r 
From Eq. (6 .18 )  one can  now f i n d  t h e  maximum power s p e c t r a l  d e n s i t y :  
0.474*10-18 w/cps ( p o s i t i o n  I )  
0.55 w/cps ( p o s i t i o n  11) 
S ( f J  = 
The t o t a l  power r ece ived  is  increased  as t h e  s p a c e c r a f t  moves from 
p o s i t i o n  I t o  p o s i t i o n  11, but t h e  r m s  bandwidth of t h e  spectrum is  
inc reased  too ;  as a r e s u l t ,  t h e  maximum power s p e c t r a l  d e n s i t y  
S ( f c )  i s  on ly  s l i g h t l y  increased  i n  t h i s  example. 
Assuming a cons t an t  n o i s e  temperature  of 6000 OK, one f i n d s  f o r  
t h e  n o i s e  power s p e c t r a l  d e n s i t y  N 
- 20 
N = kT = 8.275.10 w/cPS 
T h i s  g i v e s  t h e  s igna l - to -no i se  r a t i o :  
7.58 db ( p o s i t i o n  I )  I 8 .22  db ( p o s i t i o n  11) s( f c )  10  l o g  -= N 
















































































which is p r o p o r t i o n a l  t o  L / G 2 .  The above s i g n a l - t o - n o i s e  r a t i o s  a r e  
computed assuming L/m = lo. With L / m  = 4 one would g e t  a 
r e d u c t i o n  i n  t h e  s i g n a l - t o - n o i s e  r a t i o  by 4 db,  w h i l e  20 would g i v e  3 db 
i n c r e a s e  i n  t h e  s i g n a l  l e v e l .  
The power r e f l e c t i o n  c o e f f i c i e n t  i n  t h i s  numeric example was set 
e q u a l  t o  0 . 1  f o r  bo th  r e c e i v e r  p o s i t i o n  I and r e c e i v e r  p o s i t i o n  11. 
That t h e  r e f l e c t i v i t y  i s  cons idered  e q u a l  i n  t h e  two c a s e s  i s  j u s t  a 
s i m p l i f y i n g  assumption, s i n c e  both t h e  ang le  of i nc idence  ( e o )  and 
t h e  s u r f a c e  m a t e r i a l  of t h e  r e f l e c t i n g  a r e a s  may be d i f f e r e n t .  W e  w i l l  
come back t o  t h i s  problem i n  t h e  next s e c t i o n .  
A s  w e  have s e e n ,  t h e  s i g n a l  r e f l e c t e d  from Venus c o n t a i n s  informa- 
t i o n  on t h e  s u r f a c e  c o r r e l a t i o n  f u n c t i o n  f o r  t h e  a r e a s  from which t h e  
s i g n a l  is r e f l e c t e d .  By observ ing  t h e  r e f l e c t e d  s i g n a l  over  a l a r g e  
p a r t  of t h e  o r b i t  , one may determine how inhomogeneous t h e  s u r f  ace i s  
and may f i n d  p l anes  and mountain t e r r a i n .  The b i s t a t i c - r a d a r  experiment 
may t h e r e f o r e  o f f e r  a unique way of e x p l o r i n g  t h e  cloud-covered s u r f a c e  
on Venus. 
E. THE POLARIZATION OF RADIO WAVES REFLECTED FROM PLANETARY SURFACES 
AND ITS RELATION TO THE ELECTROMAGNETIC PROPERTIES OF THE SURFACE 
MATERIAL 
W e  saw i n  t h e  p rev ious  s e c t i o n s  how t o  r e l a t e  t h e  f a d i n g  of t h e  
r e f l e c t e d  s i g n a l  t o  t h e  s u r f a c e  roughness.  In t h i s  s e c t i o n  w e  s h a l l  
b r i e f l y  look i n t o  how t h e  p o l a r i z a t i o n  of t h e  r e f l e c t e d  wave can be 
r e l a t e d  t o  t h e  e l e c t r o m a g n e t i c  p r o p e r t i e s  of t h e  s u r f a c e  m a t e r i a l .  
W e  w i l l  assume t h a t  a c i r c u l a r l y  p o l a r i z e d  wave i s  t r a n s m i t t e d  from 
t h e  e a r t h .  The p l ane  c o n t a i n i n g  t h e  t r a n s m i t t e r ,  t h e  p l a n e t a r y  c e n t e r ,  
and t h e  r e c e i v e r  w i l l  be c a l l e d  t h e  p l ane  of i n c i d e n c e .  This  i s  t h e  
< e -p lane  i n  F i g .  36. W e  s h a l l  deno te  t h e  e l e c t r i c  f i e l d  components 
of t h e  r e f l e c t e d  wave, E and E 
i n  t h e  p l ane  of i nc idence  and E is the f i e l d  p e r p e n a i c u i a r  t o  iiie 
p l a n e  of i nc idence .  
0 0  
Here E is t h e  e lec t r ic  f i e l d  r P  - r i  r i  
rP  
The s u r f a c e  r e f l e c t i o n  c o e f f i c i e n t s  a r e  d i f f e r e n t  f o r  t h e  two 
w i t h  t h e  Er i components of t h e  wave. By comparing t h e  r m s  v a l u e  of 
f i e l d  of t h e  d i r e c t  t r a v e l i n g  wave, one can  e s t i m a t e  t h e  r e f l e c t i o n  
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c o e f f i c i e n t  f o r  t h i s  wave component. W e  have t o  make use of t h e  approxi-  
mation found f o r  t h e  r a d a r  c r o s s  s e c t i o n  of a rough p lane t  i n  o rde r  t o  
f i n d  t h e  abso lu te  va lues  of t h e  r e f l e c t i o n  c o e f f i c i e n t s .  This  sou rce  of 
inaccuracy  can  be avoided i f  one i n s t e a d  c o n s i d e r s  t h e  complex r a t i o  ( R ) :  
r i  JI 
r P  
E 
E 
R = -  exp ( f i 2 )  ( 6 . 2 6 )  
In  gene ra l ,  bo th  Eri and E a r e  complex numbers. The s i g n  i n  t h e  
exponent is chosen so t h a t  R i s  equa l  t o  t h e  r a t i o  between t h e  
r e f l e c t i o n  c o e f f i c i e n t s  f o r  t h e  two wave components. 
r P  
W e  w i l l  assume t h a t  t h e  e f f e c t s  of sma l l - sca l e  roughness and m u l t i p l e  
r e f l e c t i o n s  a r e  n e g l i g i b l e .  
The conduc t iv i ty  u and t h e  r e l a t i v e  d i e l e c t r i c  cons t an t  E may r 
va ry  over  t h a t  p a r t  of t h e  s u r f a c e  which i s  c o n t r i b u t i n g  t o  t h e  echo. 
Assuming t h a t  t h e  d i s t r i b u t i o n  i n  u and E i s  s u f f i c i e n t l y  narrow, 
one can show t h a t  t h e i r  mean u and E a r e  g iven  by: 
r - - 
r 
- - U x s in20  [I + t a n 2 0 0 ( e ) 2 ]  E - i -  r WE 0 
0 
( 6 . 2 7 )  
where i =a and E = d i e l e c t r i c  cons t an t  of f r e e  space .  The 
r e l a t i v e  magnetic pe rmeab i l i t y  f o r  t h e  s u r f a c e  m a t e r i a l  has  been set 
equa l  t o  1. 
0 
The s i z e  of t h e  p o l a r i z a t i o n  e l l i p s e  of t h e  r e f l e c t e d  wave (measured 
i n  vo l t s /me te r )  w i l l  change r a p i d l y  due t o  t h e  f a d i n g .  
a x i s  r a t i o  and t h e  o r i e n t a t i o n  of t h e  e l l i p s e  w i l l  o n l y  change due t o  
changes i n  e o ,  U, and T . 
However, t h e  
- 
r - - 
The method i n d i c a t e d  h e r e  permi ts  us  t o  map u and E: . However, r 
t h e  r e s o l u t i o n  w i l l  be r e l a t i v e l y  poor u n l e s s  t h e  s p a c e c r a f t  i s  pass ing  
c l o s e  t o  t h e  s u r f a c e .  For m u l t i p l e - l a y e r  s u r f a c e s  i t  would be necessa ry  
t o  use  s e v e r a l  f r e q u e n c i e s  i n  o r d e r  t o  de te rmine  t h e  d i f f e r e n t  parameters .  
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V I  I .  CONCLUS IONS 
In t h i s  s t u d y  w e  have shown t h a t  b t a t i c  r a d a r  may be used t o  
e x p l o r e  p l a n e t a r y  ionospheres  and s u r f a c e s  --I 
Transmi t t i ng  r a d i o  waves from t h e  e a r t h  and r e c e i v i n g  them i n  a 
s p a c e c r a f t  t h a t  is moving behind a p l a n e t  makes it p o s s i b l e  t o  observe 
t h e  v a r i a t i o n s  i n  ampl i tude ,  phase p a t h ,  o r  group p a t h  caused by t h e  
p l a n e t a r y  ionosphere .  It is shown t h a t  measurement of e i t h e r  t h e  
ampl i tude ,  t h e  phase p a t h ,  or t h e  group p a t h  may be used t o  determine 
t h e  r a d i a l  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i n  t h a t  p a r t  of t h e  p l a n e t a r y  
ionosphere  which i s  probed by t h e  s i g n a l .  However, i t  may be an 
advantage t o  do a couple  of t h e s e  measurements s imul t aneous ly  i n  o r d e r  
t o  reduce  p o s s i b l e  u n c e r t a i n t i e s  due t o  changes i n  t h e  i n t e r p l a n e t a r y  
medium or t h e  e a r t h ' s  ionosphere  du r ing  t h e  experiment .  The t w o  r a d i a l  
e l e c t r o n  d e n s i t y  d i s t r i b u t i o n s  obta ined  from t h e  measurements du r ing  
immersion and emersion a r e  aga in  r e l a t e d  t o  t h e  atmosphere on t h e  p l a n e t .  
Th i s  r e l a t i o n s h i p  w i l l  a l s o  h e l p  us  t o  make a b e t t e r  a tmospheric  model. 
The lower atmosphere may a l s o  be s t u d i e d  by us ing  so h igh  a f requency  
t h a t  t h e  s i g n a l  i s  on ly  inf luenced  by t h e  atmosphere.  Besides  being of 
s c i e n t i f i c  i n t e r e s t ,  t h i s  in format ion  w i l l  be of v i t a l  importance i f  it 
i s  decided t o  l and  v e h i c l e s  on t h e  p l a n e t .  
W e  have a l s o  shown t h a t  t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e  s i g n a l  
r e f l e c t e d  from a p l a n e t a r y  s u r f a c e  can be r e l a t e d  t o  t h e  s u r f a c e  s t a t i s -  
t i cs .  It was shown, f o r  i n s t a n c e ,  t h a t  t h e  s u r f a c e  a u t o c o r r e l a t i o n  
f u n c t i o n  can  be r e l a t e d  t o  t h e  t i m e  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  t h e  
r e f l e c t e d  s i g n a l  when t h e  surface-roughness  scale is  l a r g e r  t h a n  t h e  
wavelength.  This  r e p r e s e n t s  a g e n e r a l i z a t i o n  of r e s u l t s  ob ta ined  
p r e v i o u s l y  f o r  monos ta t ic  r a d a r .  W e  have a l s o  shown t h a t  t h e  mean va lue  
for t h e  d i e l e c t r i c  cons t an t  and t h e  c o n d u c t i v i t y  can  be found from t h e  
shape  and o r i e n t a t i o n  of t h e  p o l a r i z a t i o n  e l l i p s e  f o r  t h e  r e f l e c t e d  
s i g n a l  (assuming t h a t  a c i r c u l a r l y  p o l a r i z e d  wave is  t r a n s m i t t e d ) .  Th i s  
method may f i n d  u s e f u l  a p p l i c a t i o n  i n  exp lo r ing  Venus, where t h e  s u r f a c e  
is  covered t o  a l a r g e  e x t e n t  by c louds .  
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APPENDIX A .  WAVE-THEORY MODIFICATIONS CLOSE TO CAUSTICS AND SHADOW 
BOUNDARIES 
The r a y  t h e o r y  i s  not adequate  a long  c a u s t i c s  and shadow boundar ies .  
In  t h e s e  reg ions  t h e  propagat ion  can be s t u d i e d  by means of Huygens' 
p r i n c i p l e .  
The c a u s t i c  is t h e  e v o l u t e  of t h e  wavefronts  t h a t  have emerged from 
t h e  p l a n e t a r y  ionosphere .  By making use of t h i s  r e l a t i o n s h i p ,  one can 
f i n d  a convenient power series expansion f o r  t h e  phase of t h e  s i g n a l .  
When main ta in ing  terms up t o  t h e  t h i r d  power, one can expres s  t h e  f i e l d s  
around t h e  c a u s t i c  i n  terms of t a b u l a t e d  f u n c t i o n s .  This  a n a l y s i s  was 
f i r s t  worked out i n  o p t i c s  by A i r y ,  but t h e  s o l u t i o n  can a l s o  be found 
i n  books on radio-wave propagat ion  [Ref .  161. Although t h e  geometry may 
appear t o  be somewhat d i f f e r e n t ,  t h e  s o l u t i o n  t a k e s  on t h e  same form and 
t h e  d e r i v a t i o n  i s  t h e r e f o r e  not r epea ted  h e r e .  The a n a l y s i s  shows a 
f i n i t e  i nc rease  i n  t h e  ampli tude a s  t h e  c a u s t i c  is c rossed .  
The f i e l d s  a long  a shadow boundary can  a l s o  be determined from t h e  
wave theo ry .  Here t h e  s o l u t i o n  can be expressed  i n  terms of t h e  F resne l  
i n t e g r a l s ,  assuming t h a t  i t  is  s u f f i c i e n t  t o  ma in ta in  terms up t o  t h e  
second power i n  t h e  expansion f o r  t h e  phase .  The r e s u l t  i s  t h e  same a s  
f o r  d i f f r a c t i o n  around an opaque s t r a i g h t  edge (assuming t h a t  t h e  
r e f l e c t e d  s i g n a l  i s  n e g l i g i b l e  and t h a t  t h e  s t r a i g h t - e d g e  approximation 
a p p l i e s ) ,  but one must t a k e  i n t o  account t h e  f a c t  t h a t  t h e  ionosphere  
and t h e  atmosphere w i l l  change t h e  apparent  p o s i t i o n  of t h e  t r a n s m i t t e r  
a s  viewed by t h e  r e c e i v e r .  
One can show t h a t  t h e  ampli tude E ( x , y )  a s  a f u n c t i o n  of r e c e i v e r  
p o s i t i o n  x , y  can be approximated by: 
SEL- 64- 0 25 - 84 - 
where a f a c t o r  exp [ i w t  - i k (D  + y ) ]  has been omi t t ed .  Here, s2(ro) 
is g iven  by Eq. (2 .22 )  , k is t h e  f r ee - space  wave number, r is  t h e  
dummy v a r i a b l e  of i n t e g r a t i o n ,  D is  t h e  d i s t a n c e  between t h e  t r a n s -  
mitter and t h e  p l a n e t ,  and R is  t h e  r a d i u s  of t h e - p l a n e t  (see F i g .  5 ) .  
Equation ( A . l )  g i v e s  
s t a r t s .  
0 
P 
(1 - i) f o r  t h e  amplitude b e f o r e  t h e  o c c u l t a t i o n  
A numeric example i s  shown in  F i g .  43. Th i s  f i g u r e  shows ampli- 
t u d e  vs m i s s  d i s t a n c e  a t  2300 M c  ( t h e  t e l e m e t r y  f requency  on t h e  space- 
probe miss ion  t o  Mars),  20,000 km behind Mars. Equat ion  (2.17) is used 
f o r  t h e  r e f r a c t i v e  index,  assuming n e g l i g i b l e  water  vapor ,  T = 200 OK, 
and P = 20 and 0 m i l l i b a r s ,  r e s p e c t i v e l y .  A t  2300 M c  t h e  e f f e c t  
of t h e  ionosphere  is n e g l i g i b l e .  
Equation ( A . l )  can  be changed i n t o  a more convenient form when t h e  
p e r t u r b a t i o n s  on t h e  wavefronts  , caused by t h e  atmosphere or t h e  iono- 
s p h e r e ,  are s m a l l .  In t h a t  c a s e  it is more economical t o  compute t h e  
d i f f e r e n c e  i n  amplitude w i t h  and without t h e  p e r t u r b i n g  medium p r e s e n t .  
Th i s  c a l c u l a t i o n  w i l l  converge f a s t e r .  The ampl i tude  wi thout  any 
p e r t u r b i n g  medium p resen t  can  be found from t h e  Cornu's s p i r a l .  
- t 2  
- 0 db 
- - 2  
- - 4  
- -6 
- -8 
P = 0 mb (no atmosphere)  
J I I I I I 1 I I I I I I 
-6 km -5 -4 -3 - 2  - 1  0 1 2 3 4 5 6  
MISS D I S T A N C E  ( k m )  
FIG. 43. AMPLITUDE VS MISS DISTANCE AT 20,000 km BEHIND MARS 
(f = 2300 M c ,  H = 20 km, T = 200° K ) .  
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ON THE WAVE THEORY 
Chapter V shows how one can de termine  t h e  changes i n  t h e  r e f r a c t i v e  
index from measurement, f o r  i n s t a n c e ,  of phase or  ampli tude d u r i n g  
o c c u l t a t i o n ,  This  a n a l y s i s  was a l l  based on t h e  r a y  t h e o r y .  Equat ion 
( A . l )  can  a l s o  be i n v e r t e d  s o  a s  t o  g i v e  ( a n d  t h e r e f o r e  a l s o  
t h e  r a d i a l  v a r i a t i o n  i n  t h e  r e f r a c t i v e  i n d e x ) .  This  i n v e r s i o n  g i v e s :  
s2( ro)  
s ( r  ) = 2 0  
f o r  r > R p ,  when y i s  independent of x .  In  t h i s  form t h e  s o l u t i o n  
r e q u i r e s  both ampli tude and phase in f  ormat i o n .  
0 
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